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1. What is quantum state estimation ?

problem, motivation

2. Classical Statistics
problem
baysian
asymptotic theory

3. Quantum First Order Asymptotic Theory
formalizm,
Collective measurement and Sej arable measurement
Single letterization theorem
An apprication

[Classical Statistics}

estimate unknown probability distribution from data

L1, Xgy Ly ~ p\x’6)7
€O CcR™

estimate :0(xy, zq, - - - )

Example 1
1 1
z,0) = —exp —=(z — 9)?
p(z,0) 2 )
v 1 n
01(.’E1, i 'I'n,) = T
n 4
=1
1 n/2
92(961, g 'In) S T
W2
é (:L‘ ) 1 n
5 ) = — QT
3\ L1 = - T

ete

G &

Example 2 -6
6 z=0
puﬁ):il—@ =
0<61

1
01(x1, - - - x,) = —fhe number of 0s )
n

A 1
ouls(zy, - 1,) = Ea@he number of 0s)

etc é} = é"‘
e Which estimate is optimal ? \
to How to measure goodness/badness of the estij
mate ? '




L’Tneasure of the efﬁ(ticnc}’—l

Cost function : d(6, ), (The Smaller, the better)
For example :

16 - 6]1”

> a0~ 0y
cos(/|6 - 611)
etc

i 2| (-6
e The smaller the cost is, the better. ©=%2 | 01 5

— measure of badness ¢ @@@@@@ 24 Vg~
e But,  is probabilistic | PRDOD0 { % v

— take average
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— measure of badness ’

{R(G), the average of the cost, is still dependent on 6. ]
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Basyan approach

Assume prior destribution g(6)of § € ©
Badness of the estimator : /Ré(‘)(e)q(Q)dG

Finding best estimate <
minimize/Ré(.)(ﬁ)q(Q)dH
e merit — mathematically simple
o demerit, - 13

—how to chose prior? JE l
0

* uniform distribution on ©7 L O

— But "uniform distribution * depends on which
cordinate you take.
In Example 2... %’"‘
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(2) 0’ = cos™1 /8 e K

— hard to obtain general conclusions. ?

the minimization sho:1ld be down for each problems.

Sampling Theory
e do not assume prior dis rubution.
® compare R (0) itsself.
Oempe  some cdifims o OC), to exclude

estimate ltke §3¢) |

e merit — result is very persuasive, if obtained.

e demerit — hard to obtail1 clear result

LSampling Theory, Asym»totic Settingl

o do not assume prior disirubution

e but assume number of cata is large
e merit
— quite general result is obtained

(Asymptotic Cramér-Rao Inequality
If Vylf] — 0 as n — 0,
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* g Fisher Information Matrix
@ [Jo)i; = Eo[0; log pfs)d; log p(z4)]

* equality is achieved by Maximam Likelihood Es-
timator at any 6

@ éMLE = argmax Hp(arz-, 9)
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Xafher estimates .

\___\_)/@/‘\ MLE

0
— optimal estimate (MLE)is practically useful.

e demerit — if number of data is small ...




Asymptotic Theories in other fields
of Classical/Quantum Information Sciences

e Classical/Quantum Shaanon Theory

[Single Letterization Theoreml

(Nagaoka 1989, Hayashi and Matsumoto 1998,
Gill and Massar 2000

— Shannon Theorem (Classical) Minimum of 4, :
— Holevo’s Theorem (Classi ) over separable mearurerients in H®"
L e 5 (= Cy, Quasi-quantum Cramér-Rao bound)
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e Entanglement Concentration/Distillation /Dilution . . : S
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(@ Merit of asymptotic sheory [lemltlng Expression]
— quite general result is obtained (Hayashi and Matsumoto 1998)
—sometimes, asymptotically optimal methods
i e CY =lim nCY
are practical. P) Te et
(classical statistical estimation, classical data W}’lere & f'\?v of {Pg’ f €0}
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' Quantum Asymptotic Theory]| [Statistical Model]
Often, unknown sate is limitted to a memeber of a set
[Basic Formalism] M={p:6€0¢€ R"}
’ ! Wl Example 3
o Given n copies p®"of unknown states p e
— n is very large (n 2102) 1 ¢0 > = 6_1(( L Q)' (bo >7
2 3 1 i | ®|pp) : known
Eﬂ[l — Flp, pn)| = A/i; 4 O(.") (2)

- F(:,-) : Fidelity
- Py, estimated state given n copies

o Optimize the measuremant and the data processing to
minimize A,

e P : Momentum
e (): Position
Example 4  py i1s a thermal gaussian state,
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e N : Number operator

® Cy3: constant




@)arable and Collective Measurement | (ﬁl

Separnble Measurement

Measure Classicad corre lotion
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'Separable and Collective Measurement (IIﬂ

Cc? = lim min nEg[l — F( 5 )]
0 o P, P,
7= 3]l mearurements in H®" %

e C? < C (by definition)

e C? = C & Collective measurement is NOT effective

— pure state models (Matsumcto, 2002)

— one parameter models (Nageoka, 1990)

C? < C & Collective 11easurement IS effective
— M is the totality of all the 1ixed states

* 2-level sysytem : Hayashi 1998, Gill and Massar 2000
* d-level system : Matsume to

— Thermal State Model (example 4)
(Hayashi 1998)
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