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IntroductionQ. The (1+1) D Dirac Hamiltonian in the presence of a potential V(x) can be‐
written

!!! !!!!!!!

!
" !! " "!!"!

where !! ! "! and ! ! "" ("′! denote 2!2 Pauli matrices).
Suppose that the potential V(x) is given by

0, x<0

V(x) = V0(>0), 0<x<a

0, x>a

i.e., we have a square barrier.

(i) When the particle is incident from the left with energy E(>m), find the
reflection and transmission coefficients.

(ii) If the potential is weak, i.e., "# ! ! , does your finding reproduce the

result of nonrelativistic scattering (based on the Hamiltonian

! ! !!$!

!
!!!$
! $

) ?

(iii) Discuss the result in the opposite limit "#"# . In this case, can you

provide a sensible interpretation on your finding ?
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from continuity of ψ, BCs are

(at x = 0)

A+B = D
p

E +m
(A−B) = −i

q

E − V0 +m
C

(at x = a)

C sin qa+D cos qa = Feipa

−i
q

E − V0 +m
(C cos qa−D sin qa) =

p

E +m
Feipa

F

A
=

2e−ipa

2 cos qa− i(ρ+ 1
ρ) sin qa

(ρ =
q

p

E +m

E − V0 +m
)

T = |t|2 = 1

1 + 1
4(ρ−

1
ρ)

2 sin2 qa

R = |r|2 =
1
4(ρ−

1
ρ)

2 sin2 qa

1 + 1
4(ρ−

1
ρ)

2 sin2 qa
= 1− T

if qa = Nπ, then T = 1

EN = V0 −
�

N2π2

a2
+m2

if V0 << m

ρ =
q

p

E +m

E − V0 +m

(ρ− 1

ρ
)2 =

4m2V 2
0

(E2 −m2)((E − V0)2 −m2)

let E = m+K

(ρ− 1

ρ
)2 � V 2

0

K(K − V0)

q �
�
2m(K − V0)

T � 1

1 +
V 2
0

4K(K−V0)
sin2(a

�
2m(K − V0))
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sin!
sin"

! n ! " kin
kout

; (8)

where ! and " are the angle of incidence and refraction,
respectively. Since in our calculation both kin and kout are
positive the refractive index becomes negative similarly as
for properly designed photonic crystals.

In what follows we show that the intensity maximum in
the wave function patterns is around the caustic and can be
understood by the Snell’s law (8) with negative refractive
index. Figure 4 shows how the incident ray refracts at the
boundary of the circular p-n junction and then after p" 1
internal reflections exits from the junction. One can clas-
sify the different ray paths by the impact parameter b !
R sin! and the number of chords p inside the circle corre-
sponding to p" 1 internal reflections. Incident rays with
varying impact parameters ("R # b # R) form a family
of rays inside the circle. The envelope of this ray family
results in a caustic as shown in Fig. 5. Each of the chords
has its own caustic.

Using differential geometry to calculate the envelope of
family of curves we find that the curve rc (in Descartes
coordinates shown in Fig. 4) of the caustic of the pth chord
is given by
 

rc$p;!%
R

! $"1%p"1
! " cos!

sin!

 !
& cos"

1& 2$p" 1%"0

1& $2p" 1%"0

' cos$!& "%
" sin$!& "%

 !"
; (9a)

!$p;!% ! !& 2$p" 1%"; (9b)

sin" ! sin!
jnj ; (9c)

"0 ! cos!#######################
n2 " sin2!

p : (9d)

Here ! varies between "#=2 and #=2 and the prime

denotes the derivation with respect to !. This is a para-
metric curve for caustics with parameter !. Figures 2 and 3
show the caustics calculated from Eq. (9). In both cases,
one can see that the location of the caustics formed from
the interference pattern of the exact wave functions inside
the junction agrees very well with that obtained from
Snell’s law with negative refractive index. The caustics
for p > 2 are less visible since after each internal reflection
the intensity of the rays decreases.

It is clear from Eq. (9) that for a given p the caustics are
completely determined by the value of the refractive index
n. The caustics in a circular p-n junction belong to the
class of cusp according to the catastrophe optics [6]. As a
consequence of the reflection symmetry of the system with
respect to the x axis, the caustics show this symmetry as
well. This implies that the cusps are always located on the
x axis. The location of the cusp $x; y% ! $xcusp; 0% (in polar
coordinates) for the pth chord can be obtained from (9) by
setting ! ! 0 and we find

 xcusp$p% !
$"1%p

jnj" 1& 2p
R: (10)

The cusps show ‘‘alternating’’ features in two respects.
First, the sign of the coordinate xcusp is determined by the
parity of p, and the position of the cusp gradually ap-
proaches the origin with increasing p. Second, the orien-
tation of the cusp, i.e., if it points towards the positive or
negative x direction, is also determined by the parity of p.

As can be seen in Fig. 5 the paraxial (! ( 1) incident
rays entering into the circular region of the graphene
junction are focused at the focal point for p ! 1. The focal
length f measured from the point $r; ’% ! $R;#% is given

α
α

β
ββ

β

β βRb

y

x

FIG. 4 (color online). The basic geometry of ray paths inside
the circular p-n junction. The incident ray from left with impact
parameter b and angle of incidence ! is refracted at the bound-
ary of the junction with angle " and then after p" 1 internal
reflections exits from the junction. Here p ! 3 and we set n !
"1:3 and ! ! 60).

FIG. 3 (color online). The same as in Fig. 2 with kinR ! 300
and koutR ! 200 corresponding to n ! "1:5.

PRL 99, 246801 (2007) P H Y S I C A L R E V I E W L E T T E R S week ending
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tronics. In optics, transparent interfaces between
materials are used in lenses and prisms to
manipulate light beams. So far, interfaces have
played a rather different role in semiconductors,
where the central place was, for a long time,
occupied by the p-n junction (PNJ). As a result of
a depletion region near the contact between two
semiconductors with different types of charge
carriers (and a large energy gap), conventional
PNJs are not suitable for precision manipulation
of electron beams, which, if realized, may lead to
a new functionality in microelectronics. From
this perspective, a lot of promise is offered by the
recently discovered (1) two-dimensional (2D)
gapless semiconductor, graphene (2). Fine-tuning
of the carrier density in graphene by means of
electrical gates (3–5) or doping of the under-
lying substrate (6) was demonstrated, thus
paving the way toward controllable ballistic
PNJs. On the one hand, the PNJ in graphene is
highly transparent for the charge carriers (7, 8).
On the other, the transmission of electrons
through the p-n interface may resemble optical
refraction (9) at the surface of metamaterials
with negative refractive index (10–12): The
straight interface is able to focus electric current,
whereas a ballistic stripe of p-type graphene
separating two n-type regions acts as a lens.

A feature of the band structure of graphene
[monolayer of graphite (2, 13)] is that its va-
lence band (p) and conduction band (p*) touch
each other. In the absence of doping, the Fermi
level in graphene is at the energy that belongs
to both bands and corresponds to the Bloch
states in the corners of the hexagonal Brillouin
zone of this 2D honeycomb crystal. For the
states with a small quasi-momentum ħk counted
from the corresponding corner of the Brillouin
zone, the dispersion e(k) and group velocity V =
de/d(ħk) of electrons are given by ec(k) = ħvk,
Vc = vk/k in conduction band and ev(k) = −ħvk,
Vv = −vk/k in valence band (ħ is Planck’s
constant, h/2p). Figure 1 illustrates such a
dispersion for electrons in n-type graphene
(on the left) and p-type graphene (on the right).
In a split-gate structure (Fig. 1), voltages ±U
applied to the two gates shift the degeneracy
point of the electron dispersion cones down
by ħvkc on the left and up by ħvkv on the right,
thus forming a PNJ separating the n-region with
the density of electrons re = k2c /p and the p-
region with the density of holes rh = k2v /p. Here,
kc(v) is the radius of the Fermi circle in the con-
duction (valence) band.

The transmission of charge through the PNJ
bears resemblance to the refraction of light by left-
handed metamaterials (10–12) with refractive
index equal to −1. As a wave enters such a

material, the relative direction of its group velocity
V and the wave vector k of the wave reverses
from parallel (in vacuum) to antiparallel. There-
fore, upon refraction, the sign of the tangential
velocity component of the propagating wave
inverts, and the normal component remains the
same. As a result, rays that diverge in vacuum
become convergent after entering the metamaterial
(9). For electrons in the PNJ, the Fermi momen-
tum kc(v) plays the same role as the refractive
index in geometrical optics, with the sign deter-
mined by the type of band—positive for the con-
duction band and negative for the valence band.

Indeed, let us consider, in Figs. 2A and 3A,
a de Broglie wave of an electron approaching
the PNJ from the n-side with the velocity V =
(vcosqc,vsinqc) and the wave vector k =
(kccosqc,kcsinqc). At the interface, this wave is
partly reflected to the state with the wave vector
k′ = (−kccosqc,kcsinqc) and partly transmitted to
the valence band state with the velocity V =

(vcosqv,vsinqv) and the wave vector k =
(−kvcosqv,−kvsinqv) on the p-side. For a sharp
PNJ, the probability of the transmission is
cos2qc /cos

2(½qc + ½qv) (7, 8). Because the
component of the electron momentum along a
straight interface should be conserved, kcsinqc =
−kvsinqv, which determines Snell's law for
transmitted electrons.

sinqc
sinqv

¼ −
kv
kc

≡ n ð1Þ

The negative sign of n in Eq. 1 implies that
the PNJ transforms a divergent flow of electrons
emitted by a source on the n-side into a con-
vergent flow on the p-side. This results in fo-
cusing (Fig. 2A) for a symmetric junction, rh =
re corresponding to n = −1. Under the latter con-
dition, electrons injected at (−a,0) in the n-region
at the Fermi energy meet again in a symmetric
spot at (a,0).

1Physics Department, Lancaster University, Lancaster LA1
4YB, UK. 2Physics Department, Columbia University, 538
West 120th Street, New York, NY 10027, USA. 3NEC-
Laboratories America, 4 Independence Way, Princeton, NJ
085540, USA.

*To whom correspondence should be addressed. E-mail:
v.cheianov@lancaster.ac.uk

Fig. 2. Focusing of elec-
trons by symmetric PNJ,
rh = re. (A) Classical
trajectories of electrons
diverging from a source
at distance a from the
junction become conver-
gent after refraction. (B)
Interference-induced pat-
tern in the charge cur-
rent near the focal image
of the source-contact. (C
and D) “Quantum mi-
rage” in graphene. LDOS
oscillations around the
image of a perturbation
applied on the other side
of PNJ, created by (C) a
small island of bilayer
and (D) potential of a
remote Coulomb charge.

Fig. 1. Graphene p-n
junction (PNJ). Monolayer
of graphite is placed over
the split gate, which is
used to create n- (left)
and p-doped (right) re-
gions. The energy dia-
gram shows the position
of the Fermi level with
respect to the touching
point of the valence and
the conduction bands.
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