Entropy and Information
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Matter in our daily life (incl. biological systems)
Mmacroscopic, many constituents  many-particle system
e.g., air inthisclassroom (N ~ 10% molecules)
microscopic description: dynamics (classical or quantum)
(micro) state  {gj, pi} 6N (micro) variables can't specify
macroscopic description: statistical mechanics 1 pravie
(macro) state {pT} afew macro variables
macro variables. collective degrees of freedom
externa parameters + (internal) energy

Socia system: individual states vs societal variables
(areq, living level, technology, organization,...)



U KX, &, E Energy, Work and Heat

What are these?

Energy levels Endepends on external parameters {ya}
(mean) energy E= Zn Es pn: prob. for (micro) state n

Change of energy E

via change of {ya} (l.e, of En):workdone W=-AkE
viachangeof Prn: heat absorbed Q=AE

Energy transfer bet. two (macro) systems. work + heat

AE=Q—-W (heat absorbed - work done) by the system



ol E 2 11| Entropy

To agiven macro state  (E,{ y})
-—— many micro states correspond e.g. =59]
accessible states

number of accessible states Q(E.{ Y.})
Q>1 = missing information “entropy”

probability for the system in (macro) state (E,{Y-})
P(E,{y.}) o« Q(E,{y.}) postulate of equal apriori probability

macro state | (&2, small) = macro statef (& large)
irreversibility




entropy S=KklogQ (Boltzmann) function of (macro) state

Irreversibility:
Initial state — equilibrium state (S maximum)
l.e, S max or 4S5=0 isolated system

heat dQ absorbed via a quasi-static process.
dS =dQ/T (can be negative)

Clausius' definition, but S?, holonomy, T?, very limited

1 0S
temperature = — @ener E=E(T{V-
p . ay (T{Ye})




1st law of thermodynamics

Q =AE +W  definition of heat
—  energy conservation

infinitesimal change: €Q = TdS = dE + Za X .dY.

ok
Xo=— generalized force

a

2nd law of thermodynamics

AS>0 Spontaneous change in an isolated
system is non-decreasing.

How can life survive the 2" |aw?



Biological Question:
How can living organisms be so tightly ordered?
Physical Idea:

The flow of energy/information can leave behind
Increased order.

A biological system isacomplex (many-particle) system,
displaying life as cooperative phenomena.

= preakdown of reductionism and determinism

statistical mechanics
nonlinear dynamics; computational physics



System and Environment

not isolated — closed or open

Universe

Surroundings
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Life as an open system
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Thermodynamic potentials
single-component fluid:  {y.}=V; Xe=p
ESV) ( =dE=TdS-pdV)
F(T,V)=E-TS ( =dF = - AT —pdV)
HSp =E+pV (=dH=TdS+ Vdp)
G(T,p)=F+pV=E-TS+pV (=dG = - AT + Vdp)

2nd law of thermodynamics
o isolated system: S — max
e System in contact with aheat reservoir: F — min

e system in contact with a heat reservoir at constant pressure:
G — min



Energy flow, leaving behind increased order

=
high-guality solar energy in Earth radiates low-quality heat

b

plants: waste heat, O,
light
H.,O
OOy Ll sugar, fat,

plant tissue . . .

C
waste heat,

COs, Ha O

anirmals:

BLUZAT,
fat, D:E
animal tissue,

Oth Syvmphony ...

Figure 1.2: (Diagram.) (a) Energy budget of Earth’s biosphere. Most of the incident high-
quality energy is degraded to thermal energy and radiated into space, but some gets captured
and used to create the order we see in lite. (b) What plants do with energy: High-quality so-
lar energy is partly used to upgrade low-energy molecules to high-energy molecules and the
ordered structures they torm; the rest is released in thermal form. (<) What animals do with
energy: The high-quality energy in food molecules is partly used to do mechanical work and
create ordered structures; the rest is released in thermal form.



Osmotic machine

semmipermeable membrane

=rmiall
load

motion of
pistons

big
load

Figure 1.3: (Schematic.) A machine transducing free energy. A cylinder hlled with water
is separated into two chambers by a semipermeable membrane. The membrane is anchored
to the cvlinder. Two pistons slide freely, thus allowing the volumes of the two chambers to
change as water molecules (solid dots) cross the membrane. The distance between the pistons
stays hxed, howewver, because the water between them is incompressible. Sugar molecules (open
circles) remain conhined to the right-hand chamber. (a2} Osmotic flow: As long as the weight
is not too heavy, when we release the pistons, water crosses the membrane, thereby forcing
both pistons to the right and lifting the weight. The sugar molecules then spread out into the
increased volume of water on the right. (b} Reverse osmosis: If we pull hard enough, howewver,
the pistons will move to the left, thereby increasing the concentration of the sugar solution in
the right-hand chamber and generating heat.

osmotic flow
Q>0—>W>0

heat —work 2nd [aw"
AN>0 — A4S0

in price of molecular order
= AF= AE-TAS<0

reverse osmosis
work —heat (Q,W<O0)

AS<0 increasing order!
e.g. water purification



Entropy: measure of

« multiplicity (i.e., # of accessible states)

o #of arrangements

e Uncertainty

e randomness (disorder)

* homogeneity

« tendency toward spontaneous change

e energy dispersal

» degradation in usable energy (i,.e., unavailability of the energy to
perform work)

e missing information

« |ack of knowledge

o ability to store information



Missing information
Q equally probable possibilities (adice hidden in one of Q2 boxes)
missing information (lack of info): Q)

1 S(82p) <SR 1T 5 <Ry

2.91)=0

3. (R Ry) = JKy) + IRQy)

e.g. R, groups, each consisting of R, boxes
— First choose bet &2, groups and choose bet 2, boxes

cf. If YR, R,) = FR)IR,), then JQ) = JR)F1) = 0!
4. Extend the def. for al real @ = 1, §Q): continuous

= JQ) determined uniquely (up to constant)

S(Q2) =klog, O entropy
k = S(a) units of info



{ initially, noinfo: 1 =0 and S=klog &
after observation, no missing info: S=0

— info gain (amount of info obtained) Al =klog &

Information and Entropy (missing information) | = S|
- 0

probability assignment  { p.}
p: prob. forthesys. instatel (1=i1 = &), 2p =1
ensemble of N (>> 1) such systems, broken into &2 groups (accrd. to states)

N, systemsin groupi (i.e, instatei): N; = Np,

total # of distinct ordering: @ — NI NI

" Nl!Nz!---_HQ N !

i=1 |

missing info per system (N — <o)

S:%klogQN :;Klog N!->"log Ni!j =-k> p logp,



Information (theoretic) entropy
Given prob. measure p(x) for xe X ={X,X,,..., X,}
S(X)=-k>_ p(x)log p(x) (Shennon) missing information
completeinfo: p(X) =0,, = S=0 (min)
least info: p(X) =1/Q (equally likely) = S=KkInQ (max)

Various forms k=1

Xe X, prob. measure p(x) and q(Xx)
yeY, prob. measurep(y)

joint prob. and conditional prob.

p(x, y) = p(x|y) p(y)



joint entropy
S(X,Y)=-)_ p(x y)log p(x, y)
X,y

X, Y:indep., i.e, p(X,y) =p(X) p(y) — SX)Y) = X) + XY)
conditional entropy

S(X[Y)==2 p(¥) 2, P(x|y)log p(x|y) = -2 p(x.Y)log pr())((;/;/)

— S(X,Y) - S(Y)

relative entropy (Kullback-Leibler divergence)

S(pla) =~ p0)10ga() - S(p)= - (3 log g((;

Cross entropy
S(p.q) = S(p)+ S(p|la) =-D p(x)logq(x)



Continuous variable
discrete probability p(x) vs continuos probability density f(x)
P(X) = f(X)dX with some partitioning dx > p(X) = Idxf (x)=1
iInformation entropy
S(p)=-)_ p(¥log p(x) =—»_ f(x)dxlog f (x)dx
=->_ dxf(x)log f (x)—logdx

-9 f]+C >0
differential entropy §f]=- j dx f (x)log f(x) 2 0
Information capacity C =-logdx———>w

Almost all real numbers has infinite digits, thus we need
Infinite amount of information: incomputable!

Relative entropy, free from divergence, corresponds to info.

f (%)
f dx f (x)|
S flg]= [ dx f(x) e



Maxwell’'s demon

1. Birth: Maxwell (1867)

COMRE () A Coud (3R B4

violation of the 2Md |aw!

Intelligent being necessary to work against thermal fluctuations

Smoluchowski



2. Exorcism: Szilard (1929) and Brillouin (1949)

Szilard’s model: intelligent being operating a heat engine

|
i

e ]
%
: measurement W To=w

System returnsto the initial state: AS, =0
. _ = A§,<0?7?
Heat Q flows from the environment: AS,,, <0 ot

However, measurement is required to determine in which part
the moleculeis.

— entropy production klog 2 (< two states of memory)
Information (observer) and entropy (system) tied!
Measurement: information acquisition
— dissipative, increasing entropy
2" [aw OK!



3. Resurrection: Landauer (1961) and Bennett (1973, 1982)

Landauer: in computing process
most operations possible with arbitrarily little dissipation
erasure of info: irreversible — 2" [aw OK
Bennett: reversible computing automaton
arbitrarily little dissipation possible
erasure of demon’s memory = AS,=0, 2"|aw OK

It is not measurement but erasure that saves the 29 |aw!

Is a reversible computer realizable?
Is memory erasure always essential?



Szilard' s engine

system
¢ klog 2
measur. 4 b dec.
| |l o | | . | | 0
¢
expans. :i . : : ° i; Inc.
¥ ¥
I | [ I
! . ! ! ° ! klog 2
erasure - a~
klog 2

demon environment
0 S
InC.
klog 2 S
<— Q dec.
klog2 §-klog2
dec. — Q inc.
0 S

Measurement establishes correlations bet. states of particles
and demon’s mind. Reversible measurement possible.



Nature of entropy

lack of knowledge, measure of our ignorance:
== PUrely subjective? “epistemic view”
An ice cube melts when I became ignorant of it?
This is absurd!
macroscopic variables

{ epistemic?. which we happen to be willing and able to observe
physical?. own dynamics, physical consequences
e.g. amount of work performed by a heat engine
both objective and subjective

If purely objective, only one level of description
(cf. Boltzmann, hydrodyn., thermodyn., etc.)

a set of macro states <> a partitioning of the phase space
“(coarse grained) prob. space”



probability assignment <« amount of information

£t = Probability

1. Classical definition
principle of equal apriori probabilities, p(x) = 1/Q2  “belief”
e.g., coin flip, dice, microcanonical ensemble

2. Frequency interpretation

p(x) = lim —== ( %) But N < <0 in reality! cf. ergodicity

3. Bayesian probabi lity: measure of the state of knowledge

objective: rationality and consistency, extension of logic
{ subjective: personal belief non-informative prior — classical def.
e.g. maximum entropy method (Jaynes), Bayesian inference



A 2 Information

Essential constituents of the world (natural and artificial)
Why not seriously considered so far?
1. unnecessary for description of natural phenomena
| T: communication (transmission), computer (process), ...
BT: geneticinfo (DNA)
QT: quantum info
2. vague and obscure, lacking precise definition
energy: abstract and no intrinsic def., but physical “reality”
3. regarded as obvious (like space and time)
cf. kinematic quantities (e.g., position and velocity) = info
Interpretation in terms of energy (e.g., heat and potential)
human: inherently info
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29 =54

T-H715Ad distinguishability
AT bit « d/ol e
=2 vs A4l matter-mind or mind-body
Hah? islmbrtee?] T)Never mind!
Whpt i00ind? 1 7} Nojngutere} £ of vl (F-714)
23 PAlo] o AA
U2l (carrier; =)ol HA Aot 25 AL F (F444)
L2 71 w71 coding
7] 5.9} o]
ol e} A 31 ] 715 Al A E 7= (1)

H A X 9] o v]: A W 37 (prob. space)©] % A = o of ojw] A A



Example

e REC AR E T Rle 7led ¥
22kl el dr R SN e

Difference in interpretation — difference in the prob. space in the brain

You see as much as you know!



A AAER (NS A A", 25, dlvA], )
el AR (~AERY)

(T A 9] A

oAl digE ARV A A ¢ e B
Aro H5(SAH) A AA A cf.
Everything is particles. ( ) } cneray
Everything isfields. )

Maxwell’ s demon

1

Everything is information. entropy
J.A. Wheeler

vpskol &H3E = Abm ARA|7F oy 2f L& Akl o] #HA| (A A])  H. Poincaré
= Aol ol A ES - N. Bohr



Information
X ={x} with prob. measure p(Xx)
Information entropy
S(X)=-2_ p(x)log p(x)=->_ PO (x)—1,]=~1(X)+1,
self-information 1(x) = log p(x) + 1,
(average) self-information or information content of X

F(X)=Y, P91 () =!

Simplest case: p(X) =1/ QL with Q=2
e.g. prob. for an unknown digit X to be O and to be 1 are the same, %2.

S= —ZX pP(x)log p(x) =logQ =log 2 (=1for base 2)

When the digit is determined, say 1, the entropy becomes zero. The
entropy is reduced by 1 bit and we gain 1 bit of information.



Classical information

 Reducibleto bits e.g., 2% 11|

e  Can becopied without disturbing it

« Can beerased

e  Cannot travel faster than c or backward in time (causality)

Quantum information

 Reducibleto qubits
e  Cannot be read or copied without disturbance
Entanglement (non-separable)



e =clsh EEHAA (0I2) MAHl =+

7 O] %4’6}”

>=FHo B2 S

e.g., biological physics, econophysics, sociophysics, ...
shaldgh: HEZUALEE

J
0



H=
Everything is information.
J.A. Wheeler

The law that entropy always increases - the second law of
thermodynamics - holds the supreme position among the laws
of Nature.

A. Eddington
Nobody knows what entropy really is.

J. von Neumann

The future belongs to those who can manipulate entropy;
those who understand but energy will be only accountants.

F. Keffer



