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Classical counting Quantum counting

Here, we can't distinguish them.

They all look same.
Total number of cases: 27

Probability of having all of them Total number of cases: 10
in the same slope: 1/9 Probability of having all of them
in the same slope: 3/10

Indistinguishability makes them more likely to be together.



Saturation of occupation

Example) N-particles in a two-level system
‘2> D= o E/keT

i B

Classical counting Quantum counting
due to the indistinguishability of particles

2N N+1

p p N+1
N, =N —"— N, =~ (N+1);
1+ p 1-p -p™

In a thermodynamic limit N—oo,
the occupation number of the excited state is saturated



Bose statistics

Occupation number of a state with energy ¢

1
elei—u)/ET _ n(e)

n; =
Total number of particles
({ Density of states
N = [ de, <N (T)

(e— ;MT

When N > N, | the remaining particles
are put into the ground state with 11 = &, .

Bose-Einstein condensate: Macroscopic occupation of a single quantum state



Criterion of Bose-Einstein condensation

(T . density matrix of a given many-body state of N-bosons
o1 = N )['112-4'\-'*((7)_-. . single-particle density matrix

» {'i'_.*"'i}'i } {ﬂ-‘i} : corresponding eigenfunctions and values

Macroscopic occupation of a single quantum state

3'?1.-[] ~ () (f\"r) ~—— BEC

10 :wavefunction of a condensate

Penrose & Onsager (1956)

1imy, g oo (VT ()0 (y)) = F7(2)f(y) # 0,

1, is one of possible solution for f(x)

Yang (1962): off-diagonal long-range order (ODLRO)



Birth of the BEC idea (1920’s)

» Bose derived Plank distribution of Black-
body radiation with a new photon counting
way, but failed to publish his results.

 Einstein immediately agreed with Bose,
and they described the indistinguishability
of photons and Bose-Einstein statistics.

 Einstein extended this idea to include
systems with a conserved particle number,
adopting de Broglie’s new idea of matter de Broglie
waves.

 Einstein pointed a peculiar feature of the
distribution: at low temperature it saturates.

» Schrodinger first heard about de Broglie’s
idea from reading Einstein’s paper and
A. Einstein later he developed his wave equation.

E. Schrodinger



Matter wave picture of BEC

de Broglie’s wavelength

27th°
mk,T

ﬂ’dB =

Critical condition of BEC

Ny = 2.612

High
Temperature T:
thermal velocity v
density d-3
"Billiard balls”

Temperature T
De Broglie wavelength
Ade=h/my = T-12

Wave packets”

T=0:
Pure Bose
condensate

“Giant matter wave"



BEC systems  » superfluid Helium
» Lasers and Masers (macroscopic occupation in the same state)
» Superconductors
» Ultracold atomic gases
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The Bose-Einstein condensate (BEC) is a fascinating state of matter predicted to occur for particles

gases, the concept is much more general. We here review analogous states, where excitations in
magnetic insulators form the BEC. In antiferromagnets, elementary excitations are magnons, quasiparticles
with integer spin and Bose statistics. In certain experiments their density can be controlled by an applied

magnetic field leading to the formation of a BEC. Furthermore, interactions between the excitations and

the interplay with the crystalline lattice produce very rich physics compared with the canonical BEC.
Studies of magnon condensation in a growing number of magnetic materials thus provide a unique

window into an exciting world of quantum phase transitions and exotic quantum states, with striking

parallels to phenomena studied in ultracold atomic gases in optical lattices.
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Ultracold Atom Cloud

Atom number ~ 10°
Spatial size ~ 100 um
n=10"~10" /cm3

T= 100 nK (~ 1 Hz)




Bose-Einstein condensate (BEC)

A Bose-Einstein condensate is the macroscopic occupation of
the ground state of a system.
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How to cool down atoms ?

Laser cooling excited state

* photon has momentum
« atom absorbs and emits photons

* Doppler effect : Optical molasses

i /7 ground state

@ — kv /V

e ek T~100 pK

|
!

Laser coolin
(1997 Nobel prize






How to cool down atoms ?

Evaporative cooling

Ny

/ Method 1: transitions to untrapable states

m = -1
CORFI\_/

——————————— m=20
- T
-~ -
.. p .
© d S
© © s \
© 4 N
© m= +1

Method 2: Reducing the trap depth

Removing the tail of thermal distribution leads to lower average
energy, i.e., cooling the sample.



How to cool down atoms ?

Evaporative cooling

Removing the tail of thermal distribution leads to lower average
energy, i.e., cooling the sample.



Time-of-flight Imaging

Imaging laser

The expanded cloud reveals the momentum distribution of the sample.



Bose-Einstein condensation in a dilute gas

BEC @ JILA, 1995
(2001 Nobel prize)






Many-body Hamiltonian in cold atom gases

H = i{zp +vext(r)}+ZV(r —r)

1=1 1<}

:> Model system
H = Z{ +Vext(r)}+u > s -r)

i<]j



Scattering problem

For a given Interparticle potential \/ (I)
_ eikr
w=e"+ f(0)—
I
f (@) . Scattering amplitude
Partial wave description
f(0)=>"(21+1)f, (k)R (cosH)
1=0
eZi5| _1 1

2ik  kcols, ik

Oy = %E(ZI +1)sin®

f| (k) —

Phase shift




Cold atom collisions

van der Waals attraction V() ,
) . - a
—Cylr® ifr>r, e ¢
V(}’) = . :
o0 if r<r,., | r
omC, ) |
Characteristic length @, = [_rzej |
h
hl(l +1
Fornon-zerol, V. (r)=V(r)+ ( > )
2mr
hZI 2
Centrifugal barrier — E_ ~ ~~1mK
m_a

r=—c

For gases in the sub-milikelvin regime, only s-wave collisions are relevant.

1 o
flk) = K cot oK) — ik ‘ flk) = —/a/(l + ika)

s-wave scattering length



Physical meaning of
scattering length

\ a<0

a<<0

L) Iy

At r>>a,
e sin(kr +6,)
WOUt — kr xl

ich

h=135338

Fl |"|:|



Sign of scattering length and energy shift

e

a
<>

Corresponding energy shift?

21,2 32| 2 2 2
_ nk _ k" " 2za, h'na Positive a : repulsive

oE om om 2m( 13 )~ m Negative a : attractive




Effective potential

In the regime of ultracold collision, ka,<<1
The two-body collision is completely specified by a single parameter, a

P darh’a J.
flk)=—al(l +ika) == V(x)(--*)= M (S(X)ﬂr(f )

Effective pseudopotential

Realizing the toy-model Hamiltonian,




Mean-field description of a dilute Bose gas

H ZiZi:{%JrVext(ﬁ)}onZﬂﬁ _rj)

i<j

N

A simplest approximation for many-body states

=>» a product of a single-particle wavefunction: Wap(Xp: X, -0 Xy) = 1_[] b1(x;)
=

Gross-Pitaevskii (GP) equation

.. 0 /- 2
|haq>(r,t)={—%v +V (1) +U | D(r, )| }D(r,t)

Wave function of condensate
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Ordinary light

divergent diffraction limited (directional)
Incoherent coherent
many small waves one big wave

many modes single mode (monochromatic)



Interference of two BECs

Interference @ MIT, 1997
(2001 Nobel Prize)



Hanbury Brown — Twiss Effect

LQUID  INTERFERENCE HALF-SILVERED
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Hanbury Brown & Twiss, Nature 177 (1956)

Photon bunching in light emitted by a chaotic source
=> Highlight the importance of two-photon correlations

=> Modern quantum optics




Quantum theory of optical coherence

How to describe the state of light Glauber, PRL 10 (1963)
E=FE% 4+ f& aat-ata =1
/ | BYPIER
> o
a a -c L ey
First-order coherence function
ey . _EO) (+) o e
G (rl,tl’ rz,tz) —<E (rl,tl)E ’ (rz,t2)> ! )>>>>|fﬁf
g™
0_13 Laser light
0.4:
0.2 Chaaotic light

4 ) 0 2 4 T/‘L'c


http://upload.wikimedia.org/wikipedia/en/4/46/Coherence_g1.png�

Correlations in many-body systems
First-order coherence function

GY(X,X,) = <lﬁ+ ()?1);&()?2)> one-particle density matrix

- 1 — — .
lim G( )(Xl, X2) =Ny # 0 : condensate fraction

| X —Xp |>o0

G 0 (Xl’ X2)
VG (%, )G (%,, X,)

<1 Normalized first-order coherence function

g(l)(xpxz) -

p2

For a classical gas n ~e 2mkgT

For a translational invariant system

w A 2
’ o (1) = exp(— %J
AtT-T,  g¥(r)~ exp(— ﬁj

withaBEC  [img®(r)=n,/n
r—oo




Spatial coherence of a trapped Bose gas

Bloch et al., Nature 403 (2000)

A me =1 0.D. (a.u)
w7
: >
-7
T<<T, T>>T,

»Two-slit experiment to measure spatial coherence
»Using two rf waves, outcouple two atomic beams in different positions
»>Visibility of the interference pattern indicates spatial coherence

0.0

1-0.5

1-1.0

1-1.5

() z



Spatial coherence of a trapped Bose gas

Bloch et al., Nature 403 (2000)

T T T T T T T T T T
1.0 .
ﬂf‘“ﬂf-;. i
08 [ \\ ¥ ]
i *ii\¢I \ Ry ]
C o\ % B e
= 0.6 i ""._‘ | :_-:_‘-*.';_:-i_-: =*' ‘_*: ]
s - ‘@\¢ 1
S 04t \ N\ .
= il \ \ e T=250nK |
- Ll oT-310nK 1

0.2 \, g o T =450 nK

' QT 0 T =290 nK
[ R ]

G 1 1 1 1 1 1 i __n -I-- i 1 1 1 1 1 1

0 100 200 300 400 500 600 700
Az (nm)
1)
G™ (%, %,)

V= :g(l)(xl’xz)gl

VG (%, %)GO (%,, X,)



Quantum theory of optical coherence (2)
How to describe the state of light Glauber, PRL 10 (1963)

Second-order coherence function

G(Z) (rl,tl; rz,tz) _ <E(—) (rl,tl)E(_) (rz,tz) E(+) (rz,tz) E(+) (rl’t1)>

g@

g(z)
/ Chauaotic light o
s Fluorescence
: 157 From a single atom
o — . e e
| Laser light
0.5 5
I _|4 I ‘ _Iz ‘ 0 - i I - ‘i T/‘tc -4 -IZ 0 2 -'I‘T/Tc


http://upload.wikimedia.org/wikipedia/en/0/06/Coherence_g2.png�
http://upload.wikimedia.org/wikipedia/en/e/eb/Subpoissonian.png�

Correlations in many-body systems (2)
Second-order coherence function
G (%, %,) = (1" (R " (%) (%, )97 (%))
Density-density correlation function

(AX)A(X,)) = (%) (X~ X,) +N(XIN(X) 97 (%, X,)

g(z) (X, %,) = G? (X, X,) Normalized second-order coherence function
11 722) =
n(xl)n(xz) 22~ (2) Prob. To have another particle
Azr'n g (I’)dl’ in a shell [r, r+dr]
A
2 F
@) T Bo T?Te
b se 495
' q
1 e — — —

So

Ferm das




Higher order phase coherence

Ottl et al., PRL 95 (2005)

laser

36 mm

B

BEC

atom laser

===}, photon
‘counter

Photon count rate (us™)

1 1 1
0 41 42 43 44
Time (ms)



Higher order phase coherence

Ottl et al., PRL 95 (2005)

Coherent outcoupling

Incoherent outcoupling
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Bunching and anti-bunching

Using 3He* (fermion) and “He* (boson)

"f' Friveet ‘\ ﬁ

position sensitive
MCP detector

Schellekens et al., Science 310 (2005) / Jeltes et al., Nature 445 (2007)



Bunching and anti-bunching

Using 3He* (fermion) and “He* (boson)

trapped cloud
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Higher order phase coherence

92(0)=31=6
g3 (0) =1

/’i‘hennai (b)
g{?’) Condensate
% 0.5 1 1.5
Yy

Three-body decay rate is six-times
smaller for condensates.

0.00 -

t Hi‘%L

® A condensate
O A noncondensate

\ %;
\
0.0 25

f

5.0

7.5

10.0 125 150

j(n(t')2>dt’ (x 107) [sec/cm”]

0

Burt et al., PRL 79 (1997)
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Superfluid

Superfluid, having a phenomenological definition, can flow without dissipation.

Q) Can this particle excite this fluid,
or give its kinetic energy to this fluid?



Landau Criterion of Superfluidity

g =%mv2 —%m(v—év)2 ~ MVOV

p=mv-—m(V—o5V)=mov

If the particle excite the fluid, g(p) < Excitation energy
V = for momentum p

P

Critical velocity b — |:8( p) }
i p min

L.D. Landau, J. Phys. (USSR) 5, 71 (1941).



Excitation spectrum of Superfluid Helium

16

=
™)

]

Energy, e /< gl K )

,r-u

o E— |

Momentum, p/# (nm~! )

Figure 2.6 He II excitation spectrum obtained from neutron-scattering experiments
(Henshaw and Woods 1961).



Excitation spectrum of Superconductor
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Excitation spectrum of a non-interacting Bose gas

&(p)
(p) o« p°




Excitation spectrum of a M—interacting Bose gas

N 2

H=>2 U, Y6 -1)

o 2m i<

¢(p)




Microscopic theory of a Bose gas at T=0

X Us
H = E eal — al gl
pplp T 9 Pp+qpy q“P’ﬂfP?
p p.pq

Bogoliubov approximation: replacing a, with c-number N,/

. N2U + ., ol -
» H = 2VU + Z [(eg + noUg)a;f]ap 1 —%—D a;paT_p + apa_p)],
p(p#0)

Diagonalize with canonical transformation:

~ . . \ _,.L‘l‘ __
ﬂ-p - up&p - Up&'_p, ﬂ_p — up{}:_p — UPQT

» _N‘!U{l_l_ Z 3 Z (Eg-l-ﬂgU[]—Ep)

p(p#0) p(p#0)

£ = \/ZnOU o&q +(&5)°

1 /¢ 1

2 P 2
W= P r1) 2=2
p 2(ep ) P2



Elementary excitation of an interacting Bose gas

hw
nlUy

5

£ = \/ZHOU 0Eq +(&3)°

- Phonon regime

£R \/Znouogg = shQ

.e "
'''''

-----
.....
----------

Free particle regime

0
e~ €q TN Uq 4




Many-body ground state

Dominant scattering processes at T~0

(0)+(0) < (+p)+(=p)

Two atoms in condensate collide into +p and —p atoms.

_ + 2
n, —<apap>—vp # 0

o2 msy 3
Non-condensed atom number  Tlex = Z ’U = (2?1‘?1)3 p 3?1_2 ( 3 ) .
p{P?ﬁD)
n 8
— = (ﬂﬂg)lm Quantum depletion

n 3/
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Optical dipole trap
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Complex polarizability

Far detuning limit (A << T)

=0 y'd T ‘ - STTC'E r
(@ + 52 )12 ] o) Uaip(r) = m A Ir),
_M— le,n}
3rc? [ T)°
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2fiwg \ A
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»~ e, m} e -
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R. Grimm, et a/, Adv. At., Mol., Opt. Phys. 42, 95 (2000)



Optical lattice

When two laser beams overlap, they interfere, leading to a periodic pattern of
the intensity, i.e. a periodic potential for atoms.

E(r.t) = Ei(r.t)+ Es(r.t)

= FEjejexp[—i(ky -r —wit)] + Esesexp[—i(ks - r — wot)]

I(r,t) ~ E-E*(rt)
= E} + Ej + 2(e1 - ea)Re [Ey Eye ‘(tarke)r(wimen)t)]

w, = 0, Standing potential

w, # 0, Moving lattice potential

) _ oy Lattice period is controlled by the angle
V ~sin ([2ksin(3)] ) petween the two beams.



Optical lattice M2

2D optical lattice / quantum wire, 1D physics Superlattice potentials E 2
(a)

3D optical lattice
(b)

382.5 nm 765.0 nm




Optical lattice

Atoms moving in an optical lattice have the same basic physics as electrons
in a crystal lattice in solids.

Lattice constant

Solid crystal ~10-1%m
Optical lattice ~10-'m

Lattice barrier height

Solid crystal ~10° K
Optical lattice  ~10°K

Optical lattice: Magnifying laboratory for condensed matter physics.



Band structure

The presence of an optical lattice modifies the single-particle energy spectrum
to a band structure.

5 Ei.ﬁ‘f_.;r o E—ikf_.:a‘ 2
ftate(T) = Vigu sin®(kpz) = Vigy ( 2 )

. 2 92 ] .
EY(z) = | —5—55 +V(z) | ¥(x) v | |
Qﬂ’l dI _ lait (2 - E%Qk,v__:r - E,?,Qk;__:r)
4
. _ ikx i ‘ T
Bloch wavefunction ¥ (X) =€ U(X) Vw2 K =0
u(x+d)=u(x) V= ) Ved K=K K=k
0 otherwise
Energy band structure
E[Eg] E [E,] E[E,] E[E,]
14 14 14 14,
13 12 12 13 /
8 A gl 8
. g i — 4 —— Bloch wave function
P — ~— for n" band with momentum q
/ \ — S~ 4 4 _distributed over all lattice sites
-~ 2 S 2 2 2
T “alky ak] NI



Time-of-flight image of a BEC in an optical lattice

BEC from a harmonic trap

(a) e cCD Chip  (b) (©)
bt ® -
g . ;Ni - .
IE£9=
S
. Eié E BEC from a lattice
I

Imaging laser
» Sudden release from a trap

» Revealing the in-trap momentum distribution.
» Diffraction from an optical grating

the one-particle density matrix G(R.R")=(dpdig)

G(k)= >, MRRIGIU(R R)
R.R’



Adiabatic mapping of qguasimomentum

Under adiabatic transformation of the lattice depth the quasimomentum q
Is preserved during slow turn-off process

a b
(a) 20 Er 4 Er Free particle (b)
w | o — \/
—— —
-3hk -2hk -hk hkk 2hk 3hk

ik 1k -nik nk -tk 1k
q q q

Brillouin zones

(b)

PRL 87, 160405 (2001).



BEC in a double-well potential

» Relative phase of two condensates

» Tunneling of particles between the wells

» Time evolution of the phase and the atom number:
Josephson dynamics



Simple description

Two-mode approximation

YL YR 1
H="UY aa/a8 -3(a;a,+8/8,)+
i=1,2
\\ Y J \ & ~ J
Interaction term Tunneling term

Ground state for the non-interacting case U=0

a, = (al+az)/\/§ Symmetric state
- +
H=-Ja a, +Ja’a_ a =(a,-a,)/2

Anti-symmetric state

» Symmetric ground state
> If we start with a BEC in one well, it will oscillate at 2J / h



Coherent state and number state

H :%U Zaﬁaﬁaqai ~J(aja, +a;a,)+--

1=1,2

Non-interacting case U=0

+ ig~ +\N . Coherent state
‘Wcoh> o (al +€7a, ) ‘O> with a well-defined relative phase

Particle number uncertainty ~ 4/ N

Strongly-interacting case U>>J

N N
N s A\ : Number (Fock) state
‘Wnum> oc (@, )?(a, )? ‘O> with well-defined atom numbers



Bose-Hubbard model

+» Both the thermal and mean interaction energies at a single site are
much smaller than the separation to the first excited band.
= Only the lowest band is involved.

s Wannier functions decay essentially within a singel lattice constant.
=» Only the hopping to nearest neighbors are counted.

* In the limit of a sufficient deep optical lattice.

. _ U
H=-J 2 dpdg + ;E AR(ig —1)
(R.R") “~ R

/ X

Kinetic energy
Hopping to nearest
neighbors

On-site interactions



Superfluid-Mott-insulator transition

I:[: —J 2 ﬁ-ﬁ:‘}[{r T 2 HR(HR — 1
(RR") 2R

The many-body ground state is determined via the competition between the
kinetic energy and the interaction energy.

- 1 [ 1 S\ m=N/N,
Superfluid phase T NU=0) = ( S 4 ) 0
e WWIN, R R 0) An =+
Mott-insulating phase ‘\I’N—AQ( J=0)= ( 11 ﬁ]_;{ ) 0) n=1
R An=0

UlJ ~(ald)exp(2\VVy/E,) can be controlled by the lattice intensity.

Quantum phase transition from SF to Mott-Insulating phase



Superfluid-Mott-insulator transition
Nature 415, 39 (2001).

V=0 E,
a b

s .

s ||

13 14 16 20

Interference peaks disappear =» Loosing superfluidity



Phase coherence in SF-to-MI transition

b
[+] :
n(k) ~ [w(k)]* > e*RGD(R) Existence of BEC
R .
=>» Superfluid phase
9 k=Mx/ht Hperiuicp
o
f : With non-zero J, a coherent admixture of particle-hole pairs
' J .
L (W) uiy = [Py + U > apag: V) 1o
(RR")
| Short range coherence
h
| Perfect Mott regime, J=0 The momentum distribution is
. a structureless Guassian.
GD(R) vanishes exponentially
, beyond R=0.



Summary

» Ultracold atom gases

Model system for many-body physics
» BEC has laser-like properties
» BEC with interactions is a superfluid

» Optical lattice systems simulate solid state physics.
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