Black Hole vs Black Body
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temperature = energy unit

TE[CBT

1 degree Kelvin
I Boltzmann constant
~ 1.381 x 1072 joule

~ 8617 x 107° eV



fundamental units / constants

¢ ~ 2.99792458 x 10® meter / second

h ~ 6.62606896 x 10~>* joule x second

( hc ~ 1.986 x 1072° joule x meter )



fundamental units / constants

¢ ~ 2.99792458 x 10® meter / second

h ~ 6.62606896 x 10~>* joule x second

( hc ~ 1.986 x 1072° joule x meter )

E=Mc — ¢* ~8.988 x 10'° joule / kilogram
—  h/c® ~7.372 x 107! kilogram x second

—  hfec~2.210 x 10™* kilogram x meter



Newton’s constant in different units

Gy =~ 6.67428 x 10~ Ymeter® / (kilogram x second?)

GN =~ 6.67428 x 10~ " (meter / second)® x (meter / kilogram)

G/ ~ T.425 x 10~ meter / kilogram



Newton’s constant in different units

Gy =~ 6.67428 x 10~ Ymeter® / (kilogram x second?)

GN =~ 6.67428 x 10~ " (meter / second)® x (meter / kilogram)

G/ ~ T.425 x 10~ meter / kilogram

Botanck = GNh/2mc® = G /c® % h/2me =~ 2.612 x 107 meter?

Lptanc: = 1.616 x 1073 meter



many faces of mass in gravitation and in quantum physics

1 kilogram

xefh

4.525 x 104 /meter

= 1 / Compton wavelength



many faces of mass in gravitation and in quantum physics

1 kilogram

Gn/c*x xefh

7.425 x 107%® meter 4.525 x 104 /meter

~ 1 / Compton wavelength




mass in gravitation

1 kilogram

GN/CQX

7.425 x 10728 meter

invert and multiply hc

267.5 joule



mass in gravitation

1

kilogram

7.425 x 10728 meter

(1 kilogram) x (1 kilogram)

)(GN/}M

\%

3.36 x 104

267.5 joule



solar mass Iin gravitation

Solar Mass ~ 2 x 10°° kilogram

G/
invert and multiply hc

1485 meter 1.338 x 10728 joule

(Solar Mass) x (Solar Mass)

XGN/hii

\%

1.344 x 107



Thermodynamics (I): Laws of Thermodynamics

dE =T1dS — pdV + - --

dtsciosed >0 /




Thermodynamics (I): Laws of Thermodynamics

1
S = —dF

fized V T

dtsciosed >0 /




Thermodynamics (I): Blackbody (E&M) Radiation

Teufside =0

d /]
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Thermodynamics (I): Blackbody (E&M) Radiation
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Thermodynamics (I): Blackbody (E&M) Radiation
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Thermodynamics (IlI): Black Hole is a blackbody ?

Twacuum =0
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Thermodynamics (IlI): Black Hole is a blackbody ?

dMpg =THdSBH

dSBH
dt

>0

2hu? 1
I(V? T)Hmufs:éng = 2 ehv/Ty _ 1d£«‘ AYE SR
similar radiation from
all particle species




Thermodynamics (IlI): Black Hole is a blackbody ?

T he?
"= lﬁszﬁMBH
SﬂZGNMég
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Thermodynamics (IlI): Black Hole is a blackbody ?

he? 31 (A’fsczar
= ~ 8, —* joule
Ty 672G~ M 8.471 x 107" joule x Mon
_ Mo
~ 5.287 x 1072 eV x ( 50 ‘”’)
Mgy

2 MQ
Spi = " Gf“;‘; BH 1061 x 107 x (

Mprr )2

solar




what is a black hole?



Newtonian Motion around a Star

fdtﬂf\?ewton — /dt 2 _M
Pl x|

= VNewton = mq)(}‘ravéty

we can use such a Lagrangian,
outside the star T > R,

and after the star formation £ > .



a "Star” formation

r = R.

—




Constants of Motion

L/m=x XX

gravitation puils in

(L/m)*

2?,2

1,
E/m — § 2 + (I’Gwazsity +

Angular momentum barrier pushes out



Newtonian Motion ar a Star




Relativistic Motion around a “Star”

. > 2
= - 2 _ 72 . Xangular
e am \/f - T T e

2G N M
c2[x|

f(?“) =1+ Z‘DGrawity/cz =1-




Relativistic Motion around a “Star”

: : 2
expanding for small velocity and small ®gravity/€

[are=— [ dtme (1 — o (P 4 Rogtatar) + (F = 1) +)

= — /dtmcz + fdt ?1’&2 — (MmParavity) + -

:/df £N€w£0n



Relativistic Motion around a “Star”

[dt[.: _ dt 2 2 ﬁinguéar
= [ ame10) -y - =g
' o - i.2 . . ZGNM

we can use such a Lagrangian,
outside the star T > R,

and after t > t, +1/c



a "Star” formation

r = R.

—




Constants of Motion
r> R. t>1t,

5/?’?’&{:2 — f(!'p)
\/f(?ﬁ) - ?:-Z/czf(.r) o Xinguim‘/cz

2GNM

c2r

f(?a) =1+ Q(I)G’raﬂity/cz =1-

something strange happens if

2GNM

R. < Rpy = 2




a Black Hole formation ?




Newtonian Motion ar a Star




Relativistic Motion aroun ack Hole



Constants of Motion
r> R. t>1,

5/?’&62 — f(?a)
\/f(?ﬂ) - ?LZ/CZf(T) o Xinguiar/cz

2GNM

f(r) =14 2®grapity/c* =1 — .

r(t)ﬁﬁgﬁz‘?;“ > fr@®)—0 > ) —0



Radial Motion

Xangular — 0

f(r)
VI(r) =72/ f(r)

E/me* =

fdt = /d’a‘" (cfl(?“) + mc/E x O(l)) = —R’:H X log(r/Rpg — 1) + -«

RpH r— Rpy
t — initiat = ———— X log e
C Tinitial — MBH






 Rpnm — Rpn
t — tinitiat = ——— X log R
C Vindlial — ILBH

)+

r = Rgp

Cinitial > s and
Tinitial E RB H

are impossible
as an initial condition
for an outgoing particle



2GNM

X

N

things located insider = Rpy after t = €,
cannot be seen from outside because
they cannot pass through ¥ = Rpp

this barrier is called “Black Hole Horizon”



Rpy
tfinal — Linitial = . x lo

rtinal — By

Tinitial — NBH

)+

T=RBH

t’éniﬁiai > 1y and
Tinitial =~ RB H

T final = RBH

are possible with
tfszn.al = 400

since there is no upper
limit on future time



X

in fact, time measured by a clock falling into a black hole is finite

fdrmm=fdts/mca=fdr (W+)m Vr=Rew)Ren

c

and a rocket falling-in would not feel any resistance to its path



X

the black hole continues to accept incoming particles and energy
and can grow its mass, and thus the size, indefinitely

but cannot shrink since it cannot release its energy by emission of anything



Is a black hole also a blackbody ?



it seems to contradict with what we learned so far
since it would require
energy / mass that crosses horizon outward,

which is mechanically forbidden



however, there is no contradiction because

blackbody radiation of a black hole occurs only at quantum level

B he3
- 167[‘2GNMBH




Newtonian = Relativistic

@Gravét“g > f (X) =1+ 2¢'Graﬁity/ ¢

f(?“ — RBH) =0

F Newton = _mv(b(}ravéty N Fg’ N, O f? .

—> as far as "force” felt by particle goes, nothing drastic happens at BH horizon

provided that Rpz is much larger than {pianck = 107°° meter



F ~ F Newton = _GNMmE

?‘?3
imagine creating a pair of
particle/anti-particle near the horizon,
by quantum tunneling process
j one just outside, and the other inside
o




F ~ F Newton = _(;"N"Z\’f""'}r"E

r3
the net energy of the configuration is
/ ~ 2% m02 + VG?‘auity
GyM
~ D 1 YN 2
2mc” X ( GERBH) me” > 0

® 50 it does not happen




X
F ~ FNe‘thn - _GNMmT_g

if one particle is a bit further inside

_— ~ 2 x me® + Varavity

~ 2me? x (1 — Gy M G M )

2¢2Rpy 2¢2(Rpm —1)

R — 21
™t 2 -
. ~ mc X(RB —f)




X
F ~ FNe‘thn - _GNMmT_g

a WKB quantum tunneling is possible !!!

/ ~ 2% me? + Varavity

Gy M _ Gy M )
2¢2Rp 22 (Rpg —1)

RBH_QE
™~ 2 e —
‘ >~ mc X(RBH—E)

[ =0 if I=RBH/2

~ Imc? x (1 —




WKB amplitude ?

energy
me?
|initial state) = |vacuum) | final state) = |particle) puiside @ |anti — particle)inside
{
GyM
R 2= —
Br/ =2




a WKB tunneling amplitude must be

~ 6—#mRBHG/h




a WKB tunneling probability must be

~ e—#szBHC/h

—me? /T,

=~ €

he




a WKB tunneling probability
must be more generally,

—E/T.

~ e

since the particles
can have kinetic energy as well,

he

T, =
#ZRBH




precise estimate of the temperature
is due to S. Hawking

he?
16?T2GNM

T, = TH:Hawking -




pair-creation by tunneling
per unit area and per unit time
occur at the rate

—E/Tx

>~ €

and some of the particles outside
may escape the black hole attraction
but none inside can

CVVRATI W1 I VAT W N1

resu!ting outward radiation
alled the Hawking radiation

2G M
Rpp = ;

he?
Ty = ——p
1672Gy M




as far as outside observers go,
® o > it appears quantum mechanically
as if the black hole horizon
is a surface of a blackbody
at temperature

T

_ he?

- 16m2GNM
creating /emitting particles

at thermal rate

o
2G M
Rpp = ;
Ty — he?



he? —31 . M otar
Ty = T6m2G o 8.471 x 1077 joule X ( i
1 Mo
~ '2 1 12 soLar
9.287 x 10 “ eV x( i )
MSO ar
~ 6.134 x 10~% degree K elvin X ( Mf )

Tomp = 2.728 degree Kelvin
Ttreezing — 273.2 degree Kelvin
Tsyn = 8778 degree Kelvin



if a black hole acts like a blackbody,

can we treat it as if it is a thermal object ?



if a black hole acts like a blackbody,

can we treat it as if it is a thermal object ?

d(E — Mc*) = (T — Ty)d(S — Spu?)

d(S — Spm) >0
dt -




L1, [16m°GNM ,  8m2GyM?
Spi = f (M) = / N = 2

B 47TR2B o _ Horizon Area
= AGn/A)(h]2m) ~ UG/ (h/2m)




what about the 2" law of the thermodynamics ?



d
%SBH =

classically,

16?FEGNM dM

hc dt

0



X

N

the black hole continues to accept incoming particles and energy
and can grow its mass, and thus the size, indefinitely

but cannot shrink since it cannot release its energy by emission of anything



at quantum level

—SBRH =

d 162G M dM
dt he dt >< 0



the black hole continues to accept incoming particles and energy
and can grow its mass, and thus the size, indefinitely

but it also lose energy due to Hawking radiation at quantum level



at quantum level

—SBRH =

d 162G M dM
dt he dt >< 0

d 1672Gy M dM .
%(SBH + Smdmt%'ﬁn) = th dt + Smdéatﬁon > 0




why BH entropy and why area ?
Is BH entropy small or large ?

do we lose quantum information ?



what is entropy ?



Entropy = a Measure of Unavailable Information
(Shannon)



Entropy = a Measure of Unavailable Information
(Shannon)

if the system is in a pure quantum state, P = I‘I’} <“I’|

S =—-Tr plogp
1 0 0
[ o 0o o
=1 o o0 o
—1 x log(1)



Entropy = a Measure of Unavailable Information
(Shannon)

if the density matrix is proportional to the identity matrix
over the Hilbert space with N number of states,
..e., if all N states are equally probable

S =—Trplogp

1
l p= EINXN
1

N
N

log(1/N)

= log N



entropy is a measure of information which
we choose to, or are forced to, ignore.

for example, a two-state quantum system can have
a maximum entropy of log(2)

knowing the entropy = log(N), backwardly
we do learn that the system has at least
N states available inside.



which begs for the question:

what is the meaning of

Ngy = e BH

?



let us first consider, however,
why BH entropy should have entropy

and why it is proportional to the area?



B¢
S = log(2)

black holes eat up anything that come across its path;
consider a small box containing some small energy and also small entropy;
after a BH eats the box up,

we would seem to have lost the entropy associated with that box



2GNM

B¢
S = log(2)

if there is no concept of entropy associated with black holes,
the net entropy can decrease, contrary to the 2"d law.
what would then be the most economical entropy we can assign to the black hole,

in order for the combined entropy to obey the 2nd law ?



consider a small box that contains a single particle of energy &
with the smallest unit of entropy = log(2)
bring it near the black hole horizon and hold it there

Ar

Rpm

gravitational redshift




Consider the box to be part of BH
if the proper distance to the black hole
Is equal to the Compton wavelength

B &'=€x Ar

Ar Rpu
S = log(2)




Consider the box to be part of BH
if the proper distance to the black hole
Is equal to the Compton wavelength

Ar, .

g:niﬂ = g X .

Ar” . R
he Ar,..

A min ~ x FTLLTL

" £ Rpu

gravitational redshift




8 g:nin
S = log(2)
2GyM

=& X

Armin

Rpn



0SB H

B 16m2GN M

—_—

he?

S(McE) ~

Rpy .,
he min

8 g:nin
S = log(2)

Ry he 1
he RB H
Ar,.; he
— 8 x min ~
Rpn Rpm



BH entropy ~ area is exactly right for preserving 2" law of
thermodynamics in the presence of black holes.

This is due to Bekenstein, well before Hawking's discovery,

S o 110 5 % Horizon Area
Bekenstein — D) g (GIV/CS)(I&/Q?F)

1 Horizon Area

S = g (Gn/3)(h/27)




Is BH entropy small or large ?



Planck Length ~ 107 meter

[ Horizon Area HorizonArea
BH = 4Gy /c3)(h/2m) — 4 x (Planck Length)?

. M\’
~ 1.061 x 107
061> 107 x (Msoiar)

the entropy is unusual in that it is proportional to
the surface area, instead of to the volume.

nevertheless, actual value seem incredibly large



conventional thermodynamics system
P~ T4/h363

E ~ pV ~ L3T* /B33

S ~ LT3 /h>c

d




what is the maximum (conventional) entropy one can squeeze
in a box of sizeL ~ Rpyand at temperature 7'~ Tg?

2EGN
cd

L > RBH(E/CZ) =

otherwise, the box collapses

gravitationally to become a black hole /




what is the maximum (conventional) entropy one can squeeze
in a box of sizeL ~ Rpyand at temperature 7'~ Tg?

2EGN  L3TiGy
A T3

TGN
el

L> RBH(E/CIZ) = ~ Spoz X

otherwise, the box collapses

gravitationally to become a black hole /

yd




what is the maximum (conventional) entropy one can squeeze
in a box of sizeL ~ Rpyand at temperature 7'~ Tg?

2EGN  L*T4Gx
cd h3e?

TGN

L}"RBH(E/CITZ)_ ~ Spor X CT

4 4
c*L R RZ .3
Sbow < =l BH

TG N ~ GnTy - hG' N SBH/

yd




although black hole entropy scales
only with the square of the box size,
it still represents an absolute upper maximum
on conventional entropy,

simply because

if one tries to put in more entropy,
either by making the box larger or elevating temperature,
too much energy accumulates in the box and
the system collapses gravitationally to a black hole.



L*T*Gy/hc" ~ 1
log S

fluid/gas at a
fixed temperature T
in a box of size L

black hole
of size L

log L




do we lose quantum information ?



¥)

gravitational collapse ) — he?
16W2GNM

-

nothing but
radiation ?



¥)

. . 3
gravitational collapse Ty = he
\ 167Gy M

[

2p
tevaporaii@n ~ (M lp) ;

nothing but
radiation ?



¥)

pure quantum state

tc&l lapse

teﬂaparatian

mixed state ?



do we lose quantum information ?

Hawking said a long time ago:

Yes we do. Therefore, we must abandon quantum unitarity principle
e try '

\Allf\f\lf'\ \AJ

VVIICII VV

~t+
-
'~



do we lose quantum information
when black holes are created and evaporated away ?

Most string theorists now believe:



the entropy of (at least some) Black Holes can be shown to come
from quantum microstates which are entirely described as quantum
wavefunctions.

It is only because we have no effective probe for these internal
states that we find finite entropy and thermal behavior.



BH entropy as entanglement entropy



Tbath — TH

Black hole contributes entropy, proportional to its area,
to this equilibrium state. How ?



|‘I’>t0m§

Imagine that the total state is in some pure quantum state
instead of a thermal ensemble,
with perfect correlations between black hole states and outside states,
in which case all entropy, if any, must come from the black hole.



Npn

|@>tam£ = Z
n=1

1

vVINBH

I(I))tetai

In*}bécr.ck hole @ |¢'n>eutaéde

Npp =



|‘I’>t0m§

Since we are completely ignorant about inside of BH horizon,
for physical process involving degrees of freedom outside,
we can trace over internal Hilbert space first
and use the resulting (outside) density matrix



Poutside = TI'BHl(DM(I)| —



|q))teta§

for large enough box, all of these outside states can be independent of one another



Poutside = r:I?I‘_BI:;"l':I)) Z T/)n ¢n

S = =Tr poutside 108 Poutside = NpH X log Ngg = log Npy = Spu

1
Npn



Therefore, if one can show that black holes are equipped with such a
large number of internal quantum states,
it becomes more likely that evolution of black hole is also governed
by the same old quantum principle.



S .
Npg = €”2" black hole microstates?



Npu = €°2% plack hole microstates from string theory ?



Or, at least, degeneracy that grows exponentially with the energy ?



S0

w time

und string



w times wound string with n unit of momenta

energy ~ \/ w2(27R)2 72

string

+ n2/R2



w times wound string with n unit of momenta

total momenta = n/R
momentum quanta = k/(w X R) <> T

ke Z,
identify

w X 2R




w times wound string with n unit of momenta

total momenta = n/R
momentum quanta = k/(w x R) . T

ke Z,
identify

degeneracy =

the number of possible
collection of integers{k,}
such that !

nxw=>, kg

w X 2R




w times wound string with n unit of momenta

total momenta = n/R
momentum quanta = k/(w x R) . T

ke Z,
identify

degeneracy =
the number of
partitions of

:
nw T

w X 2R




p(N) = # of partitions of N

A1) =
(2) = 2
0(3) = 3
o4) = 5
o5) =
0(6) = 11
o(7) = 15
0(8) = 22
009) = 30
p(10) =

p(100) = 190,569,292
p(200) = 3,972,999,029,388
p(1000) = 24,061,467,864,032,622,473,692,149,727,991



p(N) = # of partitions of N

S = [ 7=

m=1

N1 5 ()~ e exp(ryaN/3)



w times wound string with n unit of momenta

total momenta = n/R
momentum quanta = k/(w x R) . T

ke Z,
identify

degeneracy ~ exp(m+/2nw/3)

w X 2R




energy ~ \/ w?(2rR)275 0 + 12 [ R2

log (degeneracy) ~ v/nw

|

1 (1

J

w times wound string with n unit of momenta



degeneracy ~ exp(# - energy/./Tstring) if 7 ~ 2T R *Tstring

w times wound string with n unit of momenta



In string theory, as we increase the gravitational coupling,
this example is known to become a special type of
supersymmetric black holes
whose horizon area (instead of length) is proportional to
the black hole mass



More generally, diverse supersymmetric black holes have
known quantum counterpart in string theory
(identified via masses and conserved charges),

whereby the quantum degeneracy of the latter matches exactly
that of the black hole entropy.

However, so far, this is done only for so-called BPS black holes,
all of which has zero Hawking temperature, or its very energy
excitations with very low Hawking temperature



Even so, it would not tell us exactly
how Hawking's unitarity violation argument is evaded.

The resolution would require the knowledge of
how radiations at different time are correlated with one another at
guantum level.



this puzzle, widely known as

the Black Hole information problem,

remains an unsolved problem.



