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1. Standard scaling relations in APT systems

Standard models: exclusion interaction + lattice reaction-diffusion kinetics

Contact process: A - AA (infection) rate p
(CP) A 2> 0 (death) rate 1
[AO <> OA (diffusion) rate d]

Pair contact process: AA 2> AAA rate p
(PCP) AA 2> A rate 1
[AO <> 0A rate d]

Branching-annihilating walk: A > AAA  ratep
(BAW(2)) AA->0 rate 2
A0 &< 0A rate 1
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Continuous phase transition:

offcriticality (stationary) critical point (spreading)

A =p—pc.—0;, t=ox A=0;, t—

spreading density: ps ~t™¢
survival probability: P ~ 9
spreading distance: R ~ t1/#
particle number: N ~ ¢"

density: p ~ AP

survival probability: P ~ AP
correlation length: & ~ A™YL
relaxation time: 7~ A7l

Dynamical scaling: o = ﬁ/VH’ 0 = ﬁ//’/ll’ z = VJ—/VH

Finitely many absorbing states: (3 = 3’

Hyperscaling relation: N — d/Z — O — 5 (d<d)




Well-established universality classes:

3) directed percolation (DP) 2) parity conserving (PC)
CP, CPD, PCP, ... BAW(2), ...

a =9~ 0.159464(6) a= 9§~ 0.285(2)

1/2 ~ 0.632613(4) 1/z 2 0.570(1)

n ~ 0.313636(8) n~ 0

Role of diffusion in CP:
diffusion = AO - 0OA = A0 = AA - 0A = branching—>decay = CP ~CPD

Role of diffusion in PCP:

OAOAO (frozen) =>» infinitely many absorbing states (yet DP-universality)
PCPD:

diffusion = OAOAO (frozen) - 00AAO (active) =» universality class?

Controversial issue due to ambiguous numerical results:
2) DP

3) own universality class

4) dependence on D



2. Unidirectionally coupled two-species processes

Example: CP - BAW(2)

e +——+——+ e e e+ + e+ e cF
— e + + @ @ + + I | 0 O BAW(2)

CP: A=> 0, AO0,0A > AA; BAW(2): BO «—> 0B, 2B->0, B00,00B - BBB

O+ O+
.

Coupling: AOO > ABB, 00A > BBA



General linear coupling:

Common critical point:
- master system is in A-universality class
- slave system: For DP->DP coupling Goldschmidt et al. (PRE 1999) suggest:

ng = d/zp —0p — 4

with zp = 2pp, np #nNpp, 0B = ap = app




Source average and slave average

Slave average (Goldschmidt et al):

5) Initialize system with single master particle

6) Average over all realizations that survive up to slave level up to time t
Source average (Kwon and G.M.S.):

11) Initialize system with single master particle

12) Average only over realizations that survive at master level up to time t
REASON: After source is extinguished, slave evolves autonomously according

to its own standard universality class - coupling is lost

—> slave average is average over coupled system with (presumably) new exponents
and uncoupled system with different (known) exponents



Geometric interpretation of hyperscaling relation

spreading volume  spreading density survival probability

\ Vo

average particle number — N (t) = V (t) X ps(t) x Ps(t)
(all realizations)
V(t) ~ RU(t)

A
\ 4

/ active region, density p.(t)
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=» Hyperscaling relation with different exponents in uncoupled and coupled case

= valid also in discontinuous transitions into absorbing states (o 7= )



Hyperscaling relation in unidirectionally coupled systems: (I) spatial inhomogeneity

A
\4

Rslafve (t) > Rmaster (t)

X
- coupled and uncoupled region

- spatially inhomogeneous particle distribution

R(t) = RE(t) + RY(t)

N(t) = N(t) + NV (%)

new exponents: coupled
2V, 770, nU, at, oV uncoupled

zczzA

1/z5 =max{1/z4,1/2Y},

ng = max {n®,nV},
ap = min{a®, oV}



Hyperscaling relation in unidirectionally coupled systems: (lI) source average

A
\4

Péslcwe (1) = P;naster ()

X
2 exponents: dg = J4
ap 7 0B
- explains origin of o, in hyperscaling relation
- replace o, 2 o, coupled
uncoupled

- valid only for source average

=>» novel hyperscaling relations:

n¢ =d/z4 —a® — 84

np =d/zp —ap— 04
nV =d/zV —al —§, } /




Numerical results:

1) pP>DP 1% =d/zpp—a® —dpp o ~ 0.08(1), n© =~ 0.40(1)
3) DP>PC nY=d/zpp—a® —dpp a® =~ 0.13(1), n¢ ~ 0.34(1)
5 PC>DP Y =d/zpp—a® —bpc a® =~ 0.14(2), nV ~ 0.185(5)
77 PC>PC pnY=d/zpc—a® —dpo a® ~ 0.21(1), n¢ ~ 0.08(1)

Comparison: extended hyperscaling €-> measurement




3. Bosonic pair contact process with diffusion: exact results

Importance of diffusion in APT: (1) reentrant phase transitions Canetetal. (2004), Odor (2004),
see also Kwon and Park (1995)

(2) universality class of PCPD  ©Odor (2000,2003); Dickman and
de Menezes (2002)

We cannot answer the question of universality class of PCPD, but:

bosonic (unrestricted) PCPD (Howard and Tauber (1997)

AX €2 XA rate D (n.n. hopping without interaction)
2A 2 (2+k) A rate n (on-site branching)
2A > (2-)) A rate A (on-site annihilation)

D=0: decoupling into single-site processes (d=0), infinitely many absorbing states

D>0: two absorbing states

any D, A > A_: p* = 0 (absorbing state); A <A_:p*=1 (active state)




exact results for dynamical properties

1) density and particle number: < N (¢) >= N(O) 2> p.=p
9 n= O
Introduce effective reactivity o = pk (QkD_H)
—1
define / 1 ) 0 d<2
(27T)d2d 29 | cosg; =

C, d>2

2) local fluctuations:

et/T > e
0'2(t)N +Y Z:ZC . d/2—1 2<d<4
Y711 d> 4

const. o < o




» exactly known scaling functions for d>4

« exponentially divergent correlations, yet dynamical scaling 7 ~~ 52
* phase diagram: ut

active phase

B

a absorbing
phase

[
>
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Hyperscaling relation (2<d<4)

geometrical nature: separate hyperscaling for particles, pairs, occupied sites

—d/2 a < o

exact: z =2, P =0, PPN = { —(2-4d/2) a=ac

=2 6=0 (transience of random walk for d>2)
= nste=0 (vanishing pair density)

- apart — asz'te — d/2, apair — { d o< ae

2 o= o

simulation data (d=3) 9, n s < 0.01




Hyperscaling d=1: no scaling for exponentially divergent pairs

simulation: § ~ 0.471, %% ~ —0.450

site — part
ap'red = 0.43, apred

it . part
aytc . = 0.57, aimeas

—>

violation of hyperscaling?

S5 = oSites — _nsztes — 1/2’ aPaert —




4. Conclusions

1. unidirectional coupling of critical APT systems generates new critical behaviour
where

> importance of averaging method (source average)
> heterogeneity of particle distribution

% - novel extended hyperscaling
- generalization of known hyperscaling to arbitrary couplings

2. master decays more slowly than slave:
- conjecture (a) Z (.. = Z o.ueer (D) Other exponents new

master decays faster than slave:
- slave unchanged after long enough time, since master dies out
(slave average yields standard exponents for slave system)

17. bosonic PCPD:

- some exact critical exponents and scaling functions

- transition in fluctuations depending on D
- extended hyperscaling relations with best numerical results for occupied sites



