Self-duality, helicity and higher-loop QED

Euler-Heisenberg effective action in a self-dual
background is remarkably simple at two-loop

e applications : helicity amplitudes
S-functions
B nnn-perturhat.it-'é effects
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One-LDDp Effective Action _
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e QED paradigm : Heisenberg and Euler (1936)
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Applic&tigms : one-loop

-

e light-light scattering
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e paradigm of low-energy effective field theory
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e pair production in constant E field
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e beyond QED : QCD, gravity, strings, ...




Two-Loop Effective Action .
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e G(x,x’) : propagator in constant background field
(Fock, Nambu, Schwinger, ...) :
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e V. Ritus (1975) : renormalized expression for @ in
general constant background field

e new feature at two-loop : mass renormalization



Two-loop Effective Action : Ritus (1975)
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e zero-field subtraction; charge and mass renormalization

e very complicated !!!  applications difficult



-Two-loop : magnetic background.
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o still very complicated : applications still difficult



Twﬁ-lmp :_self-dual background (GD & C. Schubert 2002)

e self-dual background : F,, = F,,
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. Two-loop : seli-dual background
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e why are the 2-loop answers so simple?

e why are the 2-loop spinor and scalar answers so similar?
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Why so simple?

self-duality = propagators simplify dramatically
self-duality = definite helicity : 0., F,, (*3%) = 0

e (massless) helicity amplitudes in QED, QCD. gravity
known to, be simple

e generalization to massive case

Why so similar?

self-duality = Dirac operator has QM SUSY

- GHE-IGDP : 1:5;3:1-:-1“ . 2":{” é (%.9 2 In (ﬁi)

e two-loop - effective action not a deter’niiﬂant
» propagators related by helicity I;m jections

=% ﬁipzmr and £, have just two terms, with different
coefficients



Self-duality

® computational reason for simplicity
SElf—dU&llt}' = F#”FL"’P = __r.fzéﬂ,ﬁ

¢ propagators simplify dramatically
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. Self-duality, Helicity and SUSY -

® why are spinor and scalar answers so similar?
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* QM SUSY = Ap and Ap have identical spectra
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Self-duality, Helicity and SUSY.

e SUSY of Dirac operator for a self-dual background :
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o séif-du;ﬂity :

e Ap and Ap have identical spectra, except for zero-
modes, and spinor multiplicity 4



_ Self-duality, Helicity and SUSY _

e two-loop : not a determinant = Eii{mr # —2 JCEL;@;
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e spinor and scalar propagators related by SUSY :
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e renormalization (charge and mass) nontrivial

world-line (GD & C. Schubert, 2002)
proper-time cut-off (GD, H. Gies & C. Schubert, 2002)



Applications : non-perturbative effects

® pair-production rate
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e two-loop : Ritus-Lebedev (1984) -
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e.numerical Borel anai}fsis (GD & C. Schubert, 2000)-
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Applications : non-perturbative effects

o two-loop self-dual case : x = %

real x like B field case
imaginary & like E field case

® exact expressions =
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‘e consistent with Borel analysis



Applications : Helicity Amplitudes

++‘t,

. ne
o ampliiz.fldes with all (or almost all) helicities alike are
known to be especially simple

e tree level : ; |
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e reation to SDYM and mtegrabie models (Nair, Ba.rdeen
Cangemi, ...) -

e SUSY Ward identities

e recent results at 2-loop (Bern et al: Glover et al)



Applications : Helicity Amplitudes

e effective action: generating function for helicity amplitudes

e constant self-dual bachgmunﬂa
= low-energy limit of “all +” hehmt}f amphtudes
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o [+ + _+ ... +] amplitudes for N > 6 do not vanish in
massive QED ) : : i

e [— + + ...-+] amplitudes vanish in low-energy limit in

massive QED
e generalization to all helicities (hep-th/0301022)



. QED S-functions

e scale dependence of running coupling
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rationality of quenched coefficients (Kreimer,
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Applications.: QED f-functions

e external field as a probe

e (G-function related to strong field limit
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e cthcient computational approach for higher loops ...






Applications : QED S-functions

e self-dual background appears to be the ”simplest”
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e compare with G-functions :
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e "works” for scalar QED, but not for spinor QED

& reason : zero modes

e one-loop hint ('t Hooft, 1978):
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Applications : QED S-functions

e general scale am:.-maiy a,rgurrent '
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e BUT : assumes exastence of well-defined massless lirmit
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Applications : QED S-functions and IR/UV connection .

e one-loop scalar QED
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e [R divergence of Lynren causes mis-match




Applications : Bernoulli Identities

e Huler-Ramanujan :
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e Miki’s identity (1978) : “exotic”
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e 2-loop effective actions give simple proof
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e many further identities . ..



Apﬁlicﬂtiﬂns : QED f-functions and IR/UV connection

e two-loop Eiﬁiﬁgfﬂ“ is IR finite !
‘e zero-mode influence looks like a one-loop effect

e but, enters through mass renormalization
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e mass renormalization term : _
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e charge renormalization term :
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Conclusions .

-; Self—dual b;ckgmund an efficient probe °
e physically : self-duality < helicity «+ SUSY
e renormalized effective actions have simple form.
e applications :
higher—loﬂp effective actions
higher-loop nonperturbative contributions
higher-loop B-functions
' ll'ligl_]er'—la;:-c}p_ helicity ajm;ﬁiitudes

e recursive structure ? ;_f_ 3 £ &
e exponentiation of leading prefactors ?

¢ non-Abelian instanton backgrounds ?



