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Newton’s gravity:

e Non-relativistic (no c¢)

— Action at a distance, violates causality

— ¢ — 00 limit of Einstein gravity == post Newtonian approximation
— No horizon

— Static nature

e No strong pressure allowed
e No strong gravity allowed
e No gravitational waves

e Incomplete and inconsistent

Einstein’s gravity:

e Relativistic gravity
e Strong gravity, dynamic
e Simplest

% The two theories give the same descriptions for the cosmological world model
and its linear structures.



World model: spatially homogeneous and isotropic world model

a  8rG const. N A _3
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e Relativistic (Friedmann 1922) °
e Newtonian (Milne-McCrea 1933) °

Structures: iincar perturbations

0 + 285~ ArGupo = 0.
a
e Relativistic (Lifshitz 1946) ’
e Newtonian (Bonnor 1957) ®

“It is curious that it took so long for these dynamic models to be discovered after the
(more complex) general relativity models were known.”

G. F. R. Ellis (1989) *

% In fact, the known “Newtonian cosmology” is a GR guided version!

"Friedmann A. A., 1922, Zeitschrift fiir Physik, 10, 377; translated in Bernstein J., Feinberg G., eds, 1986, Cosmological-constants: papers
in modern cosmology, Columbia Univ. Press, New York, p. 49

“Milne E. A., 1934, Quart. J. Math., 5, 64; McCrea W. H., Milne E. A., 1934, Quart. J. Math., 5, 73

"Lifshitz E. M., 1946, J. Phys. (USSR), 10, 116

*Bonnor W. B., 1957, MNRAS, 117, 104

“Ellis, G. F. R., 1989, in Einstein and the history of general relativity, ed. D. Howard and J. Stachel (Berlin, Birkhiuser), 367
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Perturbation method:

Perturbation expansion.

All perturbation variables are small.
Weakly nonlinear.

Strong gravity; fully relativistic!
Valid 1n all scales!

Post-Newtonian method:

Abandon geometric spirit of GR: recover the good old
absolute space and absolute time.

Provide GR correction terms in the Newtonian equations of
motion.

Expansionin o® GM v
¢ Rc® ¢°
Fully nonlinear!

2

<<1

No strong gravity situation; weakly relativistic.
Valid far inside horizon



scale Horizon ~ ct

A (~3000Mpc)
Relativistic linear stage .
conserved evolution Distance between

two galaxies
(~1Mpc)

Newtonian
Nonlinear evolution

Macroscopic (~10cm)

Quantum
generation
Microscopic (~10-3%m)
> time
Acceleration era Radiation era Matter era DE era?
(~1035sec) Recombination

(~380,000y1r)  present (~13.7Gyr)

radiation=matter



Origin and evolution of L.SS

d Quantum origin
- Space-time quantum fluctuations from uncertainty pr.
- Become macroscopic due to inflation.
- Nonlinear effect? NL perturbations (s

[ Linear evolution

- Linear evolution of the macroscopic seeds.
- Structures are described by conserved amplitudes.

(J Nonlinear evolution

- Nonlinear evolution inside the horizon.
- Newtonian numerical computer simulation.
- Relativistic effect?

NL perturbations, PN approximation <



Perturbation Theory



3.1 Second-order:
Relativistic-Newtonian correspondence

Newtonian:
Mass conservation, momentum conservation, Poisson’s equation: '
| 1
0+-V-u=—-V_-(du), 17
FVou= ==V (o). (17)
' 1 1
a4+ Zu+ Vb = ——u - Vu, (18)
a a a
1
—2V25(D = 4ArGoo, (19)
a
give
. a - 1 1
0+ 2=0 —dnGoo = —— [aV - (du)] + —V - (u-Vu). (20)
a a a

% These equations are valid to fully nonlinear order!

Relativistic: (irrotational, £ = 0, but for general A) Noh, JH, PRD (2004)

. 1 - 1
a a

1 . 2 ) )

* This equation is valid only to the second-order!

"peebles, P. J. E., The large-scale structure of the universe ="~



A proof

Fully nonlinear covariant equations:

The energy conservation, Raychaudhury equation become
ji+ fif = 0,
EAE I
0 + 592 + 6% + ArGi— A = 0,

~

TN TN\ 2
X 1 :

(g) 3 (g - 5_(165_(1[) — 477Gﬁ T A=0.
{4 1

~ ~ 0 — ~a 1411
where i = fi,u", § = u",,, etc. By combining

—

To the second-order perturbation:
By identifying

5#1} = 5@; 591

1
— _v * u}
(22,23) give

'a\
| 1
d+-V-u=—-V-(ju),

a a

1 ' 1 o
EV : (1’1 + gu) + 47Gpd = ——=V (u- Vu) — ¢HW?
a

2 (1)
a2 (a_guoc«!f + Cab’) :
Combining (26,27) or (24) give (21).

temporal comoving (v=0) gauge

(24)

(25)

(26)

(27)



Assumptions:

Our relativistic/ Newtonian correspondence includes A, but
assumes:

Flat Friedmann background
Zero-pressure

Irrotational

Single component fluid

No gravitational waves
Second order 1n perturbations

=



Einstein’s gravity corrections to Newtonian cosmology:

1. Relativistic/Newtonian correspondence for a zero-pressure,
irrotational fluid in flat background without gravitational waves.

2. Gravitational waves —
3. Background curvature —
4. Pressure —

5. Rotation —

— Newtonian correspondence in the small-scale limit

6. Multi-component zero-pressure irrotational fluids
— Newtonian correspondence

7. Third-order perturbations — —
— Small, independent of horizon

8. Multi-component, third-order perturbations —
— Small, independent of horizon

Physical Review D, 76, 103527 (2007)



Linear Order: (comoving-synchronous gauge)

§5+2%5 —4nGus =0,
da

SeCOI’]d Order (K=0, comoving gauge)

. a. 19 1
54225 —4nGus = ———1[aV - (su)]+ —V - (u- V).,
a a? 0t a’?

Third order:

L4 1 9 1
54225 —4nGus = ———[aV - (Su)] + —V -/u - Vu)
a2 ot a2

/ a

+ %i{a[Zgou — V(A_IX)] - Vo) — iZV : [gp (u -Vu — luV : U)T
a“ ot a 3

2 A 1 2
+——ou-V(V-u)+—=[u-VIA'X)]—- —=u-VX — —XV -u,

3
{EZgov-u—u-Vgo—l—EA_IV-[u-V(Vgo)—I—uA@]. )

AN

Physical Review D 72 044012 (2005) Pure General Relativistic corrections




3.2 Third-order: L .
Pure general relativistic corrections *

To the third order we identify:
1
(SI’L’U = 59, 59@ = _v - Uu.
a

For pure scalar-type perturbation (22,23) give: pure Ei.nstein
5t 2%5 — AnGs = —% aV - (du)] + %v (u- V) cormpetions
—0—% {a[20u—V (AT'X)] -V} — %V : [(,9 (u -Vu — %uv -u
+%<pu-V(V~u)+% [u-V (A'X)] —%U'VX—%XV'U,

3
X=2p,V-u—u-Vyp, + §A_1V cu-V(Ve,) +ule,] .

The first non-vanishing pure relativistic correction terms are ¢, order higher than t
tonian terms (¢, = ¢ in the comoving gauge). We have for general A

Oy =0,
The CMB temperature anisotropy gives, for A = 0, near horizon scale '°

or 1 1 .
—_— _(S(I) ~ _(’(Qru ~ ].O_O
T 3 D

YPhys. Rev. D, 72, 044012 (2005).
"Gen. Rel. Grav. 31, 1131 (1999).
""Phys. Rev. D 59, 067302 (1999).




Mon. Not. R. Astron. Soc. 367, 1515-1520 (2006) doi:10.1111/j.1365-2966.2006.10067.x

Why Newtonian gravity is reliable in large-scale cosmological simulations

: | 2%
Jai-chan Hwang' and Hyerim Noh
lDepartment of Astronomy and Atmospheric Sciences, Kyungpook National University, Taegu, Korea
2Korean Astronomy and Space Science Institute, Taejon, Korea

(=

1. Relativistic/Newtonian correspondence to the second order
2. Pure general relativistic third-order corrections are small ~5x10
3. Correction terms are independent of presence of the horizon.



Second-order power spectrum
O=0,+0,+0,+"
P=(51") =6, +(5, ") +2(Re(5,.55)) +--

=R+ P, + R+

General Relativistic contribution!

53 — 53,Newton T 5

3,Einstein
P13 — P13, Newton T I:)13,Einstein
\ \Pure Einstein

Relativistic/Newtonian
Physical Review D, 77,123533 (2008)



week ending

PRL 103, 021301 (2009) PHYSICAL REVIEW LETTERS 10 JULY 2009

Infrared Divergence of Pure Einstein Gravity Contributions
to the Cosmological Density Power Spectrum

2.3.7

Hyerim Noh,"* Donghui Jeong,>”*" and Jai-chan Hwang™*
'Korea Astronomy and Space Science Institute, Daejon, Korea
zDeparnnenr of Astronomy, University of Texas at Austin, University Station, C1400, Austin, Texas 78712, USA
STexas Cosmology Center, University of Texas at Austin, University Station, C1400, Austin, Texas 78712, USA
“Department of Astronomy and Atmospheric Sciences, Kyungpook National University, Taegu, Korea
(Received 16 March 2009; published 10 July 2009)

We probe the pure Einstein gravity contributions to the second-order density power spectrum. On the
small scale, we discover that Einstein’s gravity contribution is negligibly small. This guarantees that
Newton’s gravity is currently sufficient to handle the baryon acoustic oscillation scale. On the large scale,
however, we discover that Einstein’s gavity contribution to the second-order power spectrum dominates
the linear-order power spectrum. Thus, the pure Einstein gravity contribution appearing in the third-order
perturbation leads to an infrared divergence in the power spectrum.
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Power spectrum

O=0,+0,+0,+""
(6(K)o(@)) = (27)°6° (k +q)P(K)
P=R,+Py+hs+--

\ General Relativistic contribution!

53 — 53,Newton T 5

3,Einstein
P13 — Pl

+ P,

13,Einstein

\Pure Einstein
Relativistic/Newtonian

3, Newton

D. Jeong, J. Gong, H. Noh, JH, arXiv:1010.3489



Minimally coupled scalar field

Non-linear corrections to
inflationary power spectrum

Jinn-Ouk Gong*'  Hyerim Noh' and Jai-chan Hwang*®



To third-order, assuming large-scale and slow-roll:

1

) A 7 . 1 e
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13
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PN Approximation



4. Cosmological post-Newtonian Approach

Perturbation method:

e Perturbation expansion.

e All perturbation variables are small.
e Weakly nonlinear.

e Strong gravity; fully relativistic!

e Valid in all scales!

Post-Newtonian method:

e Abandon geometric spirit of GR: recover the good old absolute space and absolute time.
e Provide GR correction terms in the Newtonian equations of motion.

e Expansion in v/c:

GM v 2
~ (—) <1

A2 c

e [ully nonlinear!

e No strong gravity situation; weakly relativistic.

2
e Valid far inside horizon C/i(f ~ (C /)‘H) < 1.

Complementary!



Metric:

Newtonian limit:

- 1 ~ .
Yoo = — (1 - ﬁQU g0 =0, gij = 0.

1PN metric 16 Newtonian gravitational potential

~ ! ! 2 —6
900:—11—§2U+E(QU —4®) | + O7°,

1 .
g i — __B, + Oi‘)a . .
J0 3 Minkowski background

é?} = (1 + —2U> (5,J + 0_4.

Cosmological 1PN metric '™

1 1 ,.
oo = — {1 — 52U + — (207 — 4@)} + 0",
C

2

_ 1 _

1

Joi = —gazP,: +07, Robertson-Walker background

16Chandrasekhar, S., 1965, ApJ, 142, 1488.
"Preprint, astro-ph/0507085.

JH, Noh, Puetzfeld, JCAPO3 (2008) 010



Energy-momentum tensor:

Covariant decomposition:

~ ~ 1 ~ o o B L ~
Top = QCZ (1 + (_2H> UgUp + P (uaub + gab) + QQ((LUD) + Tab,

where G,u" = 0, 7y’ =0, 75 = 0, and Ty, = .

Fluid four vector, i,, follows from @4, = —1 and @' = £a’.
We introduce

N ~ N | y

o=o, =1, p=p, ¢= EQf’ i = 1.

Newtonian limit:
1
a3

1 1 . 1 ; 1
— (avi)' + —’UJVJ'U@ + — (V?;p + VJH;’) — —szU = 0,
a a ag a

o 1 (| 1 ; i
(—+—v-V) IT + (3E+—V-V> 2!—)+— (Qi,,;qtl_[}vjﬁ) =0,
ot a a a o oa

A
—U + 417G (0 — 05) = 0.

a}2

" .. 1 ,
(a’0) + Evi (ov') =0,

Newtonian, indeed!

* We subtract the Friedmann background eanation.

* No gauge condition used!

JH, Noh, Puetzfeld, JCAPO3 (2008) 010



1PN equations:

For K =0, we have V = U. In a gauge-ready form (assuming an ideal fluid):

E(GQ)—?-E(QU)'Z.—O, /IPNorder
1 o1 . 1 1 _
@) + o = - (14 320) &
a a a (< — 0 /
1 ] L /3, U P g 11 0P . jP‘-)
‘|‘E +C_2 EU — U + +E ,z‘|‘ga(__¢—’v Jq :
where
1 /1 1 1
o'=o |1+ = =P +3U )|, vl =0+ — —U2+3U+H+]_j v — P .
C2 2 (32 2 0

Metric variables (potentials) U, ® and P; are determined by

A 1 (1 N\ . - i
SU +47G (0 — ) + —2{—2 200 — 2UAU + (aP',) | +30 + 920 +6-U
(0 C a — a a

1 3
+87(G [Q’b’2 -+ 3 (oIl — opIT}) + B (p — pb)] } =0,

.1

A 1 /1. ¢
_Pj = —167TGQUi + = (_P‘]'. T U + 4EU>
a\a V “

[}
(1,2 —

* We can impose a temporal gauge condition on PZI?"

. 12 o .
* 1PN correction terms are % ~ l(’—z ~ 1072 order smaller than the Newtonian term

JH, Noh, Puetzfeld, JCAPO3 (2008) 010



1 PN corrections: GI\Q N 5%) ~ Vi ~10°° _10*
RC C C

1 Secular effects? Require numerical study.

1 Newtonian: action at a distance (Laplacian)
PN: propagation with speed of light (ID’Alembertian)

1 Propagation speed depends on the gauge choice!
Propagation speed of the (electric and magnetic parts of) Weyl
tensor is “c”. mmm) Gravity s propagation speed is “c”!

1 Exists electromagnetic analogy
Propagation speed of potential depends on the gauge choice:
Coulomb gauge vs. Lorentz gauge

113 99

Propagation speed of the field1s ¢ .
JH, Noh, Puetzfeld, JCAPO3 (2008) 010



U O

Conclusion

Perturbation method: Fully relativistic but weakly nonlinear.
Relativistic/Newtonian correspondence for zero-pressure to
2nd

General relativistic corrections appear, otherwise.

Pure relativistic third-order corrections: oD 1075

v C2

Pure GR correction in matter power spectrum: negligible
Leading NL correction to inflation PS: negligible

PN approximation: Fully nonlinear but weakly relativistic.
PN corrections:
GM &»  V°

6 4
ReZ 2 ~ 2 ~10" -10

Newtonian theory looks quite reliable in cosmological
dynamics. (gravitational lensing requires PN effect!)
Quantitative effects require numerical study.
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