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I. Gravitational Lensing & SDSS

Strong lensing
Quasar-galaxy/cluster lensing

SDSS quasar sample
~10-3 lensing probability

100 lens systems expected from spectroscopic 
sample of 105 SDSS quasars

1000 lens systems plausible from 106 quasars 
expected in 104 deg2

Well-defined sample

Weak lensing



Example

Q0957+561 PG1115+080



II. How to find new lens?

Algorithm to select lens candidates from 
quasars

Pindor et al.; Inada, Oguri et al.

Typical FWHM for SDSS imaging data ≈ 1.”4
Small splitting pairs blended

Algorithm to identify unresolved pairs

Effective for 1.”0-2.”5 separation



SDSS image





Follow-up imaging





Spectroscopic confirmation



III. Current Lensed Quasars

CASTLES (CfA-Arizona Space 
Telescope Lens Survey)

Class A:  63 cases

Class B:  10 cases

Class C: 8 cases

SDSS: 4 A, 1 B cases

Binary Quasars
Class A: 5

Class B: 13



IV. Information

Total number of lens 
systems

Number of Images

Redshift
Source

Lens

Position
Images

Lens

Brightness Ratios

Time Delay





V. H0

Time delay between images
Direct determination of H0 (Refsdal 1964)

Time delay = 

h-1 × 1 month 

× image separation in arcsec

× (1+zlens)

× weak dependence on zlens, zQSO, and cosmology

× lens mass distribution-dependent factor





H0

Q0957+561: 64±13 km/s/Mpc

Others: 50 ~ 70 km/s/Mpc

Limitations
Need to know the lens gravitational potential

Mapping lens mass distribution

Host galaxy images



VI. Curvature



Curvature and the lensing
Turner, Ostriker & Gott (1984)

Gott, Park & Lee (1989)

Image separation

Lensing probability



Mean image separationLensing probability





Curvature Test
Park & Gott (1997) 





Ωm=0.2, ΩΛ=1.43 (zp=6)

Ωm=2.0, ΩΛ=0.0

Ωm + ΩΛ=1.0

Ωm=0.4, ΩΛ=0.0

Ωm=0.0, ΩΛ=0.0



Curvature Test (2004)
No difference 
between low z vs
high z [K-S test]

Most of reasonable 
closed/flat/open 
models are not ruled 
out yet.

Cases needed to rule 
out at 95%CL

• Ωm=0.0, ΩΛ=0 
model: ~800 cases

• Ωm=0.4, ΩΛ=0 
model: >1000 cases



VII. Ω0, ΩΛ from lensing statistics

Probability of Lensing Test
Fukugita & Turner (1991)

Maximum Likelihood Test
Kochanek (1996): total number, redshifts, 
magnitudes, separations

dP/dzd∆θ → ΩΛ< 0.66  (95% CL)

Lee & Park (1998): image separation only
Large ΩΛ model favored

Depends on lens samples and galaxy parameters 
chosen



Lee & Park (1998)



JVAS: Helbig (1999)



CLASS: Chae et al. (2002)



Complications in lensing statistics
Potential of individual galaxy

Luminosity function of galaxies

Luminosity to mass conversion

Magnification bias
Faint sources get brightened and detected

Source distribution in luminosity and z needed



VIII. Over-focusing

Over-focusing of quasar beyond the 
antipode



Over-focusing: no image or images on one side



Redshift of antipode







IX. Weak lensing with SDSS

Galaxy-mass correlation function

The power spectrum of the distribution of 
total mass

The average size and distribution of the halo 
mass of galaxies 

Masses or mass profiles of nearby clusters 

Direct comparison of dark and luminous 
matter on cluster scales

Statistical magnification of background QSOs
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