KIAS-KAIST 2003 Workshop KIAS

Convex-roof extended negativity
as an entanglement measure
for bipartite guantum systems

Soojoon Lee, Dong Pyo Chi,
Sung Dahm Oh, and Jaewan Kim

August, 2003



Contents

© Entanglement

© Entanglement and positive partial transposition
© Convex-roof extended negativity

© Properties and calculations

© Conclusions

K I A S KIAS



&

&

References

W. K. Wootters

e PRL, V.80, 2245 (1998)

e Entanglement of formation of an arbitrary state of two qubits
G. Vidal

e J. Mod. Opt., V. 47, 355 (2000)

e Entanglement monotones

W. Dar, J. I. Cirac, M. Lewenstein & D. Bruf3

e PRA, V.61, 062313 (2000)

e Distillability and partial transposition in bipartite systems
B. M. Terhal & K. G. H. Vollbrecht

o £ BRI\ 258265 (2000)

e Entanglement of formation for isotropic states

K. G. H. Vollbrecht & R. F. Werner

e PRA, V.64, 062307 (2001)

e Entanglement measures under symmetry

G. Vidal & R. F. Werner

e PRA, V. 65,032314 (2002)

e Computable measure of entanglement

P. Rungta & C. M. Caves

e PRA, V.67,012307 (2003)

e Concurrence-based entanglement measures for isotropic states

=

KIAS



Bipartite entanglement

© Pure state ||
o |\P) =¥, ® W) <> separable
o [ P)XW| = P ¥\ ® P Pp| & separable
e Not separable < entangled
© Mixed state p

op =2 pp/®p (P20, 2p=1)
<> separable
e Not separable < entangled
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Quantum information and
entanglement

© Applications of entanglement
e Teleportation
e Key Distribution
e Dense Coding
e Parallel Computation

© Problems for entanglement in quantum information
science
e Separability criteria

o To find a method to determine whether a given state in any
dimensional guantum system is separable or not.

e Entanglement measures

o To define the best measure quantifying an amount of
entanglement of a given state.
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Positive partial transposition

(PPT)

© Separable = PPT = undistillable

e Distillable = Negative Partial Transposition (NPT)

— entangled
© 2® 2 or2® 3case
e PPT < separable
© 2® ncase
e PPT < undistillable

( 2®2
2® 3

sgoerenle = PRT =

2®n

~

tnclisilllziofa

enienelad = NPT = disilllzigle
2® 2
_ 2©3 2®n p
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Pure states
In d ® d guantum systems

© ) =2, 42 ab)=(U,®Vg) D)
o |@)=2; p'?ii)
© Partial transposition of |®){®|
o [\ = (| Ljod|ji))lr2le
o [OX@| =X p]iiXiil+ Zig (a4 1) XE;
_zi<j (44 ;uj)l/2|\Pij_><LPij_|

o N,(1) = Ny('P)) = Ny(ID)) = 2 2 (14 14)2/(d-1)
o = (ug" u? ..., uy "% the Schmidt vector of [¥)

8 N T Lidiy -
© Negativity for pure states
o N(p)=(llp®ll-1)/(d—-1)
o Ny(u)= (Il [P || - 1)/(d-1) =N (¥X¥)
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ConveXx-roof extended negativity
(CREN)

© Mixed state p in d ® d quantum systems
o Convex-roof extension of N,

o N.(p)=min 2, p N, (1)
The minimum |s taken over all possible decomposition of

p = 2 Pr [P Xy
LI T the Schmidt vector of |¥,)
© N _ & the original negat|V|ty N

° Nm(p)>N(p) (Ip®ll=1)(d-1)
o Convexity of N
o Triangle inequality of || - ||
© Pure states in 2 ® 2 quantum system
o Np(i) = Nu(|¥)) = 2 (uplp1) % = [(¥|0,®0,[¥*)| = C(F))
) C(|\P)) concurrence of |'¥)
e N.(p)=Clp)
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Separability and
bound entanglement

© Bound entanglement (BE)
e Undistillable entanglement

© N(BE)>0, “=" < (BE)=(PPT entangled)
9 N (BE) =0
© p: separable < N_(p) =0

e p: separable = N(p) =0
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Entanglement monotones

© E: entanglement monotone
s 0O v FElp)aE(p)
¢ G. Vidal
e J. Mod. Opt., V. 47, 355 (2000)
e E: a pure-state measure of entanglement
o Define a function f by f (trg|¥)¥|) = E (|'P)).
o Invariance under unitary operations
e f (UpU") =f (p) for any unitary U.
o Concavity
o f(Ap+ (1-A)py 2 Af (py) + (1-2) f (py) for any p,, p, and re [O,1].
e The convex-roof extension of E is an entanglement monotone.

o f(p)=Ny(w) =22y (i )2 /(c-1) = [ (Z, 412)*-1] /(1)
e u : the vector with entries consisting of eigenvalues of p.
© N_is an entanglement monotone.

f (p) = [tr(p¥)* - 1]/(d - 1)
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Entanglement measures under
symmetry

© K. G. H. Vollbrecht & R. F. Werner
© PRA, V. 64, 062307 (2001)
© Preliminaries
e K :acompact convex set
e M :asubsetof K
e G :acompact group of symmetries acting on K by (U, x) = UxU!
o UMU'cM
e Afunctionf: M — R U {+oo}
o ForseM,UcegG,fUsUN)=f(9
e The projection P: K » K
o Px=]duU Uxut
o PK: the set of all G-invariant elements in K
e The function ¢: PK — R U {+x}
o ¢X)=min{f(s):se M, Ps=x}
o cof (X) =coe(Xx), x € PK
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Isotropic states In d® d
Systems

P o=k e ) (O = ey F = et

o [P =(1d2) 2 |ii)
© 0<F =(¥p [P <1
o isepanable x> o DR () = B = i@
© Negativity

o Nn(pe) = (Fa-1)/(d—1) =N (pg)

8 i

T (p) = %U(d) dU (U ®U*) p (U ®U*)t

dU: normalized Haar measure on U(d)

T(pPe) = pPr
G /
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Werner states ind® d
systems

o Oy=al+ Bzi,j | 1)) ]
o (ad+p)d=1
o W=1/2-tr(O,;]ijXji]/2
o O,=2(1-Wydd+ 1) (X, [iixii|+ 2 [¥;CF;*)
+2W/d(d - 1) Zi<j g
$ tr(Dwziq [y )
o [,,: separable < O,,: PPT < 0<W<1/2

© Negativity
e N_(O,) = (2W-1)/(d-1)>2Q2W-1)/d(d - 1)=N(O,)

f“ -
T (p) = *I*U(d) dU (U ®U) p (U ®U)!
dU: normalized Haar measure on U(d)
T (Oy) =0y,
& o
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Conclusions

© The mathematical expressions for the CREN
are less complicated than those of other
convex-roof extended measures.

© The CREN can recognize the difference
between separable states and bound
entangled states.

© The CREN Is a good candidate for the
entanglement measures In bipartite quantum
systems.
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Further studies

© Some other states
e Bound entangled states

© Comparisons between N and other
entanglement measures

© N 2(p) = min 2, p, Np2(|LPk>)
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